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Chapter 9 

A sequence of new families in the stable 
homotopy groups of spheres 

In this Chapter, we will state and prove the existence of a sequence of 
new families in the stable homotopy groups of spheres which is in base on 
several papers of the author (especially [7] [8] [9] [24]). As a preminilaries, in 
§1 we introduce some spectra which is closely related to Moore spectrum 
and Smith- Toda spectrum 1^(1) and state some of their properties. In §2 
we state and prove a general result on the convergence of /iqO" and h^a' for 
a pair of ao-related elements a and a'. ( the generalization of [8] Theorem 
A). §3 is devoted to state and prove a general result on the convergence 
of {i'i)<t{hoa) induces the convergence of {i'i)*{gocr) in the stable homotopy 
groups of Smith- Toda spectrum V{1) (the generalization of [7] Theorem II). 
In §4 we prove a pull back Theorem in the Adam spectral sequence and as a 
corollary of the main results in §2 and §4 , in §5 we obtain the convergence 
of a sequence of hohm hghm ^O^n^mi ^o(^n^m— i — bn-i) new families in 
the stable homotopy groups of spheres. §6 concerns with the convergence of 
a sequence of /io(T7s, ^o'^Ts-elements. In §7, we first prove /i„ Theorem and 
then obtain the third periodicity jpn y^-families ([24] Theorem I and Theorem 
II)). At last , in §8, the second periodicity /Jjpny^ j_)_i-families in the stable 
homotopy groups of spheres are detected. 



§1. Some spectra closely related to the Moore spectrum and 
Smith-Toda spectrum V{1) 

Let M be the Moore spectrum given by the cofibration 

(9.1.1) S ^ S ^ M Mj^S 

Let a : S^M ^ M be Adams map and K be its cofibre given by the 
cofibration 

(9.1.2) E1M M K ^ S«+iM 

The above spectrum K which we briefly write as K actually is the Smith- 
Toda spectrum V{\) in Chapter 6 §2. 
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Now wc introduce some spectra closely related to S", M or . Let L 
be the cofibre of ai = jai : Ti'^^^S S given by the cofibration 

(9.1.3) ^ S ^ L ^ E1S. 

Let Y be the cofibre of i'i : S ^ K given by the cofibration 

(9.1.4) S ^ K ^ES. 

Y actually is the Toda spectrum F(l^), and it also is the cofibre of ja : 

Tf'^M — > TjS given by the cofibration 

(9.1.5) S^M S5 ^ y ^ S'^+^Af, 

This can be seen by the following homotopy commutative diagram of 3 x 3- 
Lemma in the stable homotopy category (cf. Chapter 3 §7) 
S ^ K ^ S^+iM 
\i yi' \r /u 

(9.1.6) M Y 

/ OL \j /w \e 
S«M ^ S5 ^ S5 



Note that ai-p = p-ai = 0, then there exist vr G [T,'^S, L] and ^ € [L, S] 
such that p = j"'K and p = ^i" . since HqS = 0, then vr^L = Z(p){7r}. 
Moreover, = i" ■ p = {p A 11)^", then p A 1l = i"^ + Xnj" for some 

A G . By composing /' on the above equation we have p-j" = j"{pAlL) = 
Xj"'^ • j" = Xp ■ j" so that A = 1 and we have 
(9.L7) pAlL = i"i + T^j". 

By the following homotopy commutative diagram of 3 x 3-Lemma 
S«S E«S ^ 

\7r /j" \i /ja \i" 

(9.1.8) L ES+^L 

/i^ \h /u_ \j /vr 

s s-iy ^ E-^+i^ 

we obtain the following cofibration 

(9.1.9) E''5 ^ L E-iy ^ E^+15 

and there are equations uh = i ■ j", hi" = w, vr • j = i"ja By 2aija = 
ija^ + a^ij (cf. (6.5.3)), then we have aioi = and so there are ^ G 
[E29-1S,L] and (ai)L G [Si-^L,S] such that 

(9.1.10) j> = ai = {ai)L-i". 
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Let W be the cofibre of (p : Ti'^'^^^S L, then W also is the cofi- 
bre of (ai)L '■ S'^^^-L S , This can be seen by the fohowing homotopy 
commutative diagram of 3 x 3-Lemma 

^2q-lg ^qg 

\cf> /j" \i" /(ai)L 

(9.1.11) L 

/i" \w /u \j" 
S ^ W ^ ^^iS. 
that is, we have two cofibrations 

(9.1.12) ^L^W^ S^-J^ 

(9.1.13) S-J-iL S^W^ E1L. 

We write the Toda spectrum V^(^) as K', it is the cofibre of jj' : 
T,~^K S^+^/S given by the cofibration 

(9.1.14) S-^if ^ ^K' 

K' also is the cobibre ai -.TflS ^ M given by the cofibration 

(9.1.15) ^ M ^ K' ^ 

This can be seen by the following homotopy commutative diagram of 3 x 3- 
Lemma 

T.1S M K 

\ i /a \v / X 

(9.1.16) YflM K' 

/ 1, 

By ai A 1m = ijoc — aij, let a' = ai A Ik & [S^^^K, K], then fa' = 
-(ai A lM)j' = aijj' G [S^^ifjM]. By (9.1.16) we have y ■ z = p, then 
y-z-y = p-y = y{lK' Ap), so that z-y = Ix'Ap. This is because [K', M] = 
which can be seen by the following exact sequence induced by (9.1.15) 

= [E9+i5,M] ^ [K',M] ^ [M,M] 
where [M, M] = Zp{ljv/} so that the above (ai)* is monic. Moreover, by the 
following homotopy commutative diagram of 3 x 3-Lemma we know that the 
cofibre of aijj' : T,~^K — > EM is if' A M given by the following cofibration 

(9.1.17) ^-^K "Mt.M ^ K' AM ^ K 
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\ n' / Oil W /\k'M 

(9.1.18) S^+i^ K' KM 
/ y \z /ij^,M \ p 

K' ^ 
Prom {Ik' a A lM)"iM = '"(Im A j)mM = v = {Ik' A we 
have {v A lM)fnM = "0 and d(V') e [S^M, A M] = 0. Similarly, from 
mK{xf\lM)i^-K> ^i) = mK{^K^i)x = x = p(lx/Az) we have p = mK{xAlM) 
and d{p) G [SiC' A M, K] = 0. Concludingly, up to sign we have 

(9.1.19) p = mK{xAlM), ip = {v AlM)rnM, d{p) = 0, d{'ijj) = 0. 
Let a' = ai A Ix G [S'^^^K, K], where ai = jai G TTg^iS, then j'a'a' = 

and so by (9.1.17), there exists a^/^^ ^ A M] such that 

pct'x'AM — ^'^'^ ^('^'k'am) ^ [^"^-^j iC' A M] = 0. Hence pot'j^i^j^i' = 
a'i' = i'{ai A 1m) = p(^^i A 1m)(q;i A 1m) and so we have ce'x'AM'''' ~ 
{vi A 1m) (ai A 1m) + >^ip{ijoiij) with \ e Zp ,this is because [E^^^M, M] = 
Zp{ijaij}. Since the derivation d(Q!i^//\M) ~ ^' ^(^') ~ ^' ^(^^ ''^ ^m) = 
0, c/(q:i a 1m) = 0, d(V') = and d{ijaij) = — ai A 1m, then by applying d to 
the above eqaution we have X'tp{ai A 1m) = so that A = 0. Concludingly 
we have 

(9.1.20) pa'j^i^M = «A-'AM^' = (^^ 1m) (ai A 1m), di^^'AM) = 0' 
p{lK' A U>^,;,M = e 

where we use d{a") = —a' (cf. (6.5.5) ). 

Proposition 9.1.21 Let p > 5, y be any spectrum and / : Tj^K' — > 
V AK be any map, then / • z = € [E*+3+i5, F A K]. 

Proof: By Theorem 6.5.16 and Theorem 6.5.19, there is a commutative 
multiplication p, : K A K ^ K such that p{i'i A Ik) = Ik = pi^K A i'i) 
and there is an injection u : E^+^K K A K such that {jf A Ik)^ = ^K- 
Then by (9.1.14) we have z A Ik = {z A lK)ijj' A 1k)i^ = and f ■ z = 
(ly A p){lvAK A i'i)f • Z = (ly A p){f ■ Z A lK)i'i = 0. Q.E.D. 

By (9.1.6) we have e ■ w = p(up to sign). Then it is easy to proof 
that W ■ e = (ly Ap). By the following homotopy commutative diagram of 
3 X 3-Lemma in the stable homotopy category 
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S9M ^ T,K ^ EF 

\ja /i'i \(^^i^'^)™^/iyA,- 

(9.1.22) £5" FAM 

we know that the cofibre of a'i' : TflM — ^ T,K is F AM given by the following 
cofibration 

(9.1.23) E^M ^ Ei^ ^^^M^- y A M '"-n'-) ^i+^M. 
By (9.1.10), ai = j" ■ cf), where £ -K2q~iL. Then we have 

(9.1.24) mM{uh A 1m)(0 A 1m) = muiij" A 1m)(</> A 1m) = ai A 1m • 
Since a'i' -a = 0, then by the cofibration (9.1.23), there is ayMvi G [E^^+^M, 
FAM] such that a = mM{uAlM)o:YAM- In addition, mM{uf\^M)oiY/\M'niM 
(u A 1m) = aruM^u f\ 1m) = tum^u f\ lM)(ly A a) so that by (9.1.23) we 
have aYAMTUMiu A 1m) = ly A a modulo (r A lM)rnK * [E^^-'-y A M, if] 
= 0, this is because [E^if, K] = = [E^^M, K] (cf. Theorem 6.5.9 and 
Theorem 6.2.11). Note that «i(ayAM) e [E2«+2j\^^ YAM] = 0, this is because 
[E'2+iM,M] = and [E2<?+1M,K] = (cf. Theorem 6.2.11 ), then (jw A 
lM)ayAiW G [E'^~^M, M] n (kerd) = Zp{ai A 1m} and so {ju A Im)c(yam = 
ai A 1m (up to scalar). In addition, niMiu A lM)"yAM • ("i A 1m) = 
a(QiAlM) = (ckiAIm)" = mM(w^AlM)(^^AlM)"5 Then by (9.1.23) we have 
ctyAM(ai A 1m) = (hij) A Im)", this is because [S^^^-'^M, if ] = 0. Moreover 
we have, (ly Aa)(/i^AlM) = Q!yAMmM(MAlM)(^0AlM) = Q;yAM(Q;i AIm)- 
Hence, we have the following relations 

(9.1.25) mM(^^ A lM)Q;yAM = a, aYAMmM(w A 1m) = ly A a, 
{ju A lM)oiY/\M = «! A 1m (up to scalar) 

aYAM{ai A 1m) = (ly A a){h(j) A 1m) = {hcf) A Im)" 
where ayAM G [E^^+^M, 1" A M] n {kerd) and G ■n2q-iL. 

Now recall the ring spectrum properties of the spctrum K. By Theorem 
6.5.16 and (6.5.17), there is a homotopy equivalence K AK = if VELA if V 
E^+^if and there are projections and injections 

(9.1.26) n-.KAK^K, /X2 : if A if ^ EL A if , jf A\k-K AK ^ 

i'iAlK ■ K ^ KAK, U2 ■.T.L AK ^ K AK, : K ^ K A K 
such that (cf. Theorem 6.5.16, Theorem 6.5.19 ) 



6 



I^ii'i A Ik) = Ik = I^Ci-K A i'i), {jf A 1k)j^ = Ik = {Ik A jf)u , 
{i'i A Ik)iJ' + i^2lJ'2 + (jj' A li^)zv = Ikak , M2(«'i A Ik) = 0. 
Hence ,by (9.1.4), there exists 7I2 G [^AiC, T,LAK] such that 7Z2(?'Alif ) = IJ.2 
and ^(712) = G [y A if, L A iC], this can be obtained from d{'p2{r A Ik)) = 
d{iJL2) = (cf. Theorem 6.5.19(H)). By the first equation of (9.1.25) , 
(9.1.23)(9.1.3) and the following homotopy commutative diagram (9.1.28) 
of 3 X 3-Lemma we know that the cofibre of ay am '■ S^^+'^M — > y A M is 
SL A K given by the following cofibration 

(9.1.27) E^^+^M "21^ y A M ^'^^'"^ T.L A K '"^'^'^^ T?^+^M 

Em ^ EK '"-^ ELAK 

\i' / oi \('-^i^)^^//l2(lY Ai') 

(9.1.28) S«K yAM 

Since eAlj^ = /i(z'iAlii-)(eAlx) = 0, then the cofibration (9.1.4) induces 
a split cofibration K K AK '—5^ y A K. that is, there is a homotopy 

equivalence KAK = K\JYAK^o that YAK = 1^LaK^ S^+^Kand 
there are projections : Y A K ^ T,L A K , ju A Ik ■ Y A K ^ E'^+^ivT 
and injections : T,i+'^K ->■ Y A K, V2 : T,L A K ^ Y A K such that 
i/y = (r A Ik)'^ and 

(9.1.29) {juAlK)vY = Ik, 'p2'^2 = IlaK, l'Y{juAlK) + l^2'p2 = ^YAK- 

By (9.1.1)(9.1.15)(9.1.3) and homotopy commutative diagram of 3 x 3- 
Lemma we can easily know that the cofibre of vi : S ^ K' is EL given by 
the following cofibration 

(9.1.30) S ^ K' "EL "ES 

with relations ^-i" = pso that ^i" A 1m = P A 1m = and so ^ A 1m = a(j" A 
1m)- In addition, ^^''Al^- =pAli^ = so that ^Ali^- G {j" AIk)*[E''K, K] 
= 0. Then , the cofibration (9.1.30) induces a split cofibration K 
K' A K EL A K. That is to say, K' A K splits into K y EL A K 

so that there is 1^2 • A K ^ K' A K such that {k A1k)v2 = Ilak and 
/x(xAlii-)(uiAlK) = Ik-, (viAl/f )/Lt(xAlii') + f2(A;Ali^) = I^'ak- Moreover, 
x{Ik' Ae) = (Ik Ae)(a; Aly) = G [E-^K' A y, if]. Hence , by (9.1.14) we 
have, 1k' Ae = z-u,u e[K' AY, E^+^S]. We claim that K' AY splits into 
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j]<?+2^ V SL A K, this can be scon by the following homotopy commutative 
diagram of 3 x 3-Lemma in the stable homotopy category 

(9.1.31) E^+^S" Sif' A K 

/jj' \o /i^^ V^'^^ 

K T?LAK ^ EK'Ay. 

That is, wc have a split cofibration Y:L ^ K K' ^Y Tfl+'^S so that 
there are f : Y:'i+^S ^ K' AY,Jl2 : K' AY ^ J:L A K such that 

(9.1.32) l/-T=ls, /U2t'2 = IlaE", rz? + 1^2/12 = Ik' ay- 

Proposition 9.1.33 Let V be any spectrum, then there is a direct 
sum decomposition 

[E*M, V AK] = {kerd)i' {kerd)i'ij 
where A;erc? = [T,*K, V AK]r] (kerd). 

Proof : For any / G [i;*M,F A K] we have (ly A n){fi A IkY'i = 
{ly A /x(lftr A i'i))fi = fi, where n : K A K ^ K is the multiplication of 
the ring spectrum K such that iJ,{i'i A Ik) = = fJ-i^K A i'i) (cf. (9.1.26)). 
Then / = {lvAfi){fiAlK)i' + f2-j for some /2 G [E*+^S,VAK]. It follows 
that / = (ly A lJ,){fi A Ik)^' + {^v A /u)(/2 A IrY' ij which proves the result, 
where d{fiAlK) = fiAd{lK) = 0, d{lv A/jl) = ly A(i(/x) = (cf. Theorem 
6.5.19(G)). Q.E.D. 



§2. A general result on convergence of ao- related elements 

Prom [12] p. 11 Theorem 1.2.14, there is a nontrivial secondary dif- 
ferential in the Adams spectral sequence d2{hn) = aobn^i,n > 1, where 
^2 : Ext^l^ '^{Zp,Zp) ExV'j^' ^'^^ {Zp, Zp) is the secondary diffcnrential of 
the Adams spectral sequence. Wc call /i„ G Ext^^f '^{Zp,Zp) and &n-i £ 
Ext^^ '^{Zp, Zp) is a pair of ao-related elements. In this section, we prove a 
general result on convergence of ao-related elements in the Adams spectral 
sequence of sphere spectrum and Moore spectrum. 

Definition 9.2.1 Let p > 7,s < 4, and there is a nontrivial sec- 
ondary differential of the Adams spectral sequence d2(c) = aoa', we call 
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a € Ext\'^ {Zp, Zp) and a' € Exf^ ''^{Zp,Zp) is a pair of ao-related ele- 
ments. We have the following general result. 

The main Theorem A (the generalization of [8] Theorem A) Let 
P > 7, s < 4, (7 be the unique generator of Ext^^^{Zp, Zp) and there is 
a nontrivial secondary differential d2{(T) = a^u' in the ASS, where a' is 
the unique generator (or the linear combination of the two generators) of 
Ext'^^^'^'^{Zp, Zp). Moreover, suppose that 

(I) fet^*''+"^-"(Zp, Zp) = 0(r = 2, 3, 4, n = 1, 2). 
fet7^'*^+''(Zp, Zp) ^ Zp{hoa}, Ext'+^'^'+^Zp, Zp) ^ Zp{aoa}, 
Exe+^^"'-\Zp,Zp) = Q 

Ext'+^'"'+'"'+'^-\Zp,Zp) = 0{k = 2,3,4, r = 0,1), 
Ea;t7^'*«+*^«+'-^(Zp, Zp) = Oik = 1, 2, 3, r = 0, 1). 

(II) £;xt^+^'*^+^^+"(^p, Zp) = 0,r = 2, 3, 4, u = -1, or r = 3, 4, u = 1, 
Ext^^'^'*'^ {Zp, Zp) = or has unique generator i such that OqL ^ 0, 
Exf^+''*'^+«(Zp,Zp) ^ Zp{h^a'} or Zp{h^G'^,hoo'^}. 

(III) i?xt7=^'*'^+^^+^(Zp,Zp) = 0(r = 1,3,4), 
i?xt^+3'*'^+'-^(Zp,Zp) = 0(r = 2,3) 
£'xt^"'"^'*'^"'"^'^+^(Zp, Zp) = Zp{520-'} or ^^{520-^, 52(72} 
Ea;i^+''*'?+2(Zp,Zp) ^ Zp{a2a'} or ^^{a^ai, aga^} 
Ea;t7^'*''+\Zp, Zp) ^ Zp{ao/,} or 0, 

Then h^a' G £;a;t^+^'*''+'^(Zp, Zp) and u{hQa) G Exf^^'^'^^'^{H* M, Zp) are 
permanent cycles in the ASS. 

To prove the main Theorem A, we need some preminilaries as follows. 

For {ai)L e [^i-^L,S] in (9.1.10) we have ai ■ (ai)^ G [^29-2^, 5] = 
which is obtained from TTr^— 2 S = (r = 2, 3). Then there is </> G [S^^-i^, L] 
such that /'(^ = (q;i)l € [S^^^L,^'] and ^ ■ i" G iT2q-\L. Since iTrq-iS 
has unique generator ai = jai,a2 = jct^^ for r = 1,2 respectively and 
j"(f)-p = ai-p = 0, then 4>-p = i"a2 (up to scalar). That is, i'iT^2q-iS also is 
generated by , so that 7r2g--iL = Zps{(f)}, for some s > 1. Hence, = \(f) 
with A G Z(p) and wc have Aqi = Aj"(/) = j'V^" = (q;i)l^" = «i so that A = 1 
(mod p). Moreover, (ai)i(^ G [S"''' '^-^j "S"] = 0, this is because 7rrq-2 S = 
{r = 3,4), then, by (9.1.13), there is (pw G [T,^'^~^L, W] such that u^^^ = 0. 
Concludingly, we have elements G [S2«-iL,L],^i;i/ G [S^9~^L,T^] such 
that 
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(9.2.2) = (ai)L, (t>i" = X(j), X = l (mod p), u(Pw = 

Proposition 9.2.3 Let p >7, then 

(1) Up to nonzero scalar we have (f)- p = i" a.2 = tt • qi / , (ol\)l ■ = , 

P ■ (q;i)l = 0:2 • j" = {oiljLT^j" + 0, 

p2q-i^^ L] has unique generator ^ modulo some elements of filtration 

> 2. 

(2) /i^(pA1l) ^OG [E2'/L,y] 

(3) H{ti a a U) / G pS'JL.y] , iV(vr A U)^ = 30?i G ^3,-1^ 
(up to mod p nonzero scalar) , and /i(^(7r A \i)t^ 7^ G 7r4gy , where ^ G 
[E29-1L A L, L]] such that 4>(\l A i") = ^. 

(4) 7r4gy has unique generator hc^iix A lL)7r such that /i0(7r A Iz,)?!" - p = 0. 

Proof: (1) Since f (^-p = ai -p = = /'tt -ai, and -K^q-xS = Zp{a2}, 
then (f) ■ p = i"oi2 = tt ■ a\ (up to scalar). We claim that <p ■ p ^ 0, this can 
be proved as follows. Consider the following exact sequence 
Zp{ja^} ^ [^^i-^M,S] ^ [E29-1m,L] ^ [E«-iM,5] 
induced by (9.1.3). The right group has unique generator ja satisfying 
= joiija = ^jaaij 7^ 0, then the above (ai)* is monic, imj^' = 
so that [S^^-^M, L] = Zp{i"ja'^}. Suppose in contrast that cp ■ p = 0, then 
(j) G i*[S2'?-iM,L] and so = i"ja^i , ai = fcj) = j"i"a2 = which is a 
contradiction. This shows that ^ • p 7^ so that the above scalar is nonzero 
(mod p). 

The proof of the second result is similar. To prove the last result, let 
X be any element of [Y?i-'^L,L], then fx G \Ei~'^L,S] ^ Zps{{a{)L} for 
some s > 2. Hence, j"x = with A G Zps so that x = X(j) + i"x' ,where 
x' e [i;2«-iL,S']. Since x'i" G 7r2q-iS ^ Zp^a^i} and irsg-iS ^ ^pO'a^z} , 
then x' is an element of filtration > 2 which shows the result. 

(2) Suppose incontrast that h(l){p A 1l) =0, then by (9.1.9) we have 
(j){p A 1l) = X'tt • (ai)/, ,whcrc A' G ^(p)- Since j"TT A 1m = p A 1m = 0, 
then TT A 1m = (i" A 1m)o, and so A'(7r A lM)i • {0:1)1 = A'(1l A i)'iT{ai)L 
= 0. Moreover we have X'{i" A 1m)«^(«i)l = A'(7r A lM)^(ai)L = , then 
X'ai{ai)L G (ai A 1m)*[S«-L, M] and so X'aiai G (ai A 1m)(«")*P^-^> ^] = 
which can be obtained by the following exact sequence 

M] ^Q' [S«L, M] M] ^"^^^ 

induced by (9. 1.3), where the right group has unique generaator ai satisfying 
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{ai)*ai = aijai 7^ so that {i")*[T,'^L, M] = 0. The above equation imphes 
that A' = so that we have (f){p A 1^) =0, this contradicts with the result 
in (1) on j"(t){p A 1l) = p • (qi)l 7^ 0. This shows that h4>ip A 1l) 7^ 0. 

(3) Since TTrq-2S = 0{r = 2,3,4), then ^(UAai) G [E^i'^L, L] = 0, and 
so there is G [S^^^'^L AL, L] such that Ai") = 4>- We first prove 0(7rA 
^l){p^^l) 7^ 0. For otherwise, if it is zero, then cpir-p = (j){'K /\lL){pf\'^L)i" = 
Osothat^vr G i*[^^i-^M, L]. However, (/),[S'^"-iM, L] C [^'^i-^M,S] the 
last of which has unique generator ja'^ satisfying = jaija^ 7^ 0, 
then (/)4S39-iM, L] = and so we have (oOltt = /^tt G i*{j")^[Ti^'i-^M, 
L] = 0, this contradicts with the result in (1). 

Now suppose in contrast that /i^(7r A A 1^) = 0, then by (9.1.9) we 
have, 0(7r A 1l)(pA li) = tt-o; , where u G 5"] satisfying uji" = Aiag 

for some Ai G Zp. It follows that (z" AIm)"*^^ = (1l Ai)7r-a; = 0, then aiu G 
(ai A 1m)45]29L,M] and so AimQ;2 = aicoi" G (ai A 1m)*(«")*P^^^> -^1 = 
(«!)*(«")* P^"^-^] = 0- This shows that Ai = (since mcts = aija^i ^ 0). 
Hence, w = \2ja^i-j" and (/)(7rAlL)(pAlL) = X27T-ja'^i-j" for some A2 G ■Z^(p)- 
It follows that ^TT • p = 0(7r A 1l)(p A lL)i" = , then 07r G M, L] 

and so (a^LTr = flpir G i*(i")*p3'J-iM, L] = 0. This contradicts with the 
result in (1) on (ai)L7r 7^ 0. 

For the second result, by (9.1.9) we have tt ■ j = i"ja , then j"4>{n A 
lL)7r • j = j"4>{T^ A lL)i"joi = i"07rja = {ai)L'!rja = a2ja = ja^ij (up to 
mod p nonzero scalar) . Consequently we have j"4>{'!^ A lL)7r = ja^i (up to 
nonzero scalar). This is because -Kzq-iS = Zp{az} so that p*'Kzq-iS = 0. 

For the last result, we first prove 0(7r A Il)t^ 7^ 0. For otherwise , if it 
is zero, then = ^{tt A 1l)t^ ■ j = 4>{t^ A lL)i" ja = 4>Trja and so 02^0: = 
{ai)LTTja == j"(j)7rja = , this is a contradiction (since a2ja = jcx^ijo 7^ 
G [T,^i^^M,S]). Now suppose incontrast that hcj){TT A lL)7r = 0, Then , 
by (9.1.9) and ir^q-iS = Zp{as} we have (^(tt A 11)'^ = Avr • ja^i = Xi"ja^i 
for some \ e Zp and so j"4>{Ti A = 0, this contradicts with the second 
result. 

(4) Since {u)^iTiqY C ir^q-iM and the last of which has unique gen- 
erator ija^i = ij"(l){-K A \l)t^ = uh(f){'K A li:,)7r(up to nonzero scalar) and 
TT^q-iS = Zp{ja^i} such that (TZJ)*7r4g_iS' = 0, then T^iqY has unique gen- 
erator h(f){'K A lL)7r. Moreover by (9.1.7) we have, /i^(7r A 1l)t^ ■ P = h{p A 
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lL)(l)iTT /\Il)t^ = hi"^<p{TT A1l)tt = wja i = 0. This shows the result. Q.E.D. 

Proposition 9.2.4 Let p >7, then under the supposition of the main 

Theorem A we have 

Ext'^^'"^^''{H*L,Zp) = 0, Exf^^''\H*L,H*L) ^ Zp{{a')L} or 
^p{{'^i)l, (^2)^}) where L is the spectrum in (9.1.3) and there are relations 
= ii"U^') or = {^")M),{^'ri<^'2)L = (^")*(^^)- 

Proof: Consider the following exact sequence 

Ext'/^'^''+\Zp, Zp) ^ Exf+^'^'^+\H*L, Zp) 
^Exf^^^'\Zp,Zp)^^ 
induced by (9.1.3). The right group has unique generator a' or has two 

generators cr[,a2 satisfying {ai)^{a') = h^a' 7^ or {ai)*{a'i) = hoa'i 7^ 
0, (ai)*(o-^) = hoa'2 ^ e Exf/'^'^''^''{Zp,Zp) (cf. the supposition II), 
then the above (ai)* is monic so that im = 0. Moreover, the left 
group has unique generator h^a = (q;i)*((t) , then im i" = so that 
Ext^^^'^'^^'^{H*L, Zp) = 0. Look at the following exact sequence 
= Exf^^'*''-^\H*L,Zp) ^A* Ext'^^'^'^{H*L,H*L) 
^^Exf+'^'\H*L,Zp)^'^ 
induced by (9.1.3). Since Ext'^^^'^'^ [Zp, Zp) = Zp{a'} or Zp{a[,a2} and 
Exf^^'*'^~'^ {Zp, Zp) = 0, then the right group has unique generator (i")*((T') 
or has two generators {i")*{o'[), («")*(<^2)' image of which under (ai)* 
is zero. Then, the result on the middle group is proved. Q.E.D. 

Proposition 9.2.5 Let p>7, then under the supposition of the main 
Theorem A we have 

(1) £;a;t^+^'*«+^«+^(iJ*L, Zp) ^ Zp{^^Tr4a[), (^*7r*((7^)} or has unique gener- 
ator (j)^7r^a' 

(2) Exf/^'^'^+^''+^iH*Y,H*L) ^ Zp{KMT^AlL)*ia[)L,h*MT^AlL)*i(r'2)L} 
or has unique generator /i*(;^)*(7r A 1l)*(o"')l, where (p € [S^*~-^L AL, L] such 
that (^(U Ai") =4>e [T.^'i~^L,L] (cf. Prop. 9.2.3(3)). 

Proof: (1) Consider the following exact sequence 
Exf+^'"'+^''+\Zp,Zp) ^ ExC^^''^'">+\H*L,Zp) 
jl.ExC''"^'-"^^\Zp,Zp)^^ 
induced by (9.1.3). The left group is zero and the right group has unique 
generator a2cr' or has two generators 52cr^, 52(T2(cf. the supposition III). 
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Note that jaai = (ai)L • = j"4i ■ vr S Tr2q-iS, (cf. Prop. 9.2.3), then 
a2CT[ = j*a^a^i*{a'i) = j"(^*7r*(cr'i^) and a2(<72) = j*4'*T^*{o'2) so that the 
result on the middle group follows. 

(2) Consider the following exact sequence 

induced by (9.1.3). By the supposition III, Exf/^'^'^'^'''''^'^{Zp, Zp) = ( 
r = 3,4). By (1) and = 4>{1l A i"), the right group has unique gener- 
ator (|)^:^T^:{a') = (i")*(0*(7r A or has two generators (^*7r*(c'"^) = 
(i")*0*(7r A lL)*(cr'i)L,0*7r*(cr2) = {i")*(j)*{7T A1l)*{(T2)l the image of which 
under (ai)* is zero, then the middle group has unique generator (^^,(7r A 
^l)*{o'')l or has two generators </>*(7r A 1l)*(o"1)l, A 1l)*(o"2)l- More- 
over, by Exf/^'^'^^''%Zp, Zp) = 0( r = 2,3) we know that Exf/^'*'^^^\Zp, 
H*L) = 0, then by (9.1.9), Exf^^'*'^^^'^^'^{H*Y,H* L) = h^Exf/^'^'^+^'^+^ 
{H*L, H*L) and the result follows as desired. Q.E.D. 

Proposition 9.2.6 Let p > 7, then under the supposition of the main 
Theorem A we have 

(1) Ext^+^'*«+^«+^(i7*y, H*L) = 0, Ext7^'*«+^«+^(iJ*r, Zp) = 0. 

(2) Exf/^'^'^+^'^-^''{H*Y,H*L) = 0, r = 0, 1. 
Proof: (1) Consider the following exact sequence 

Exf^^^"'^'^\H*L,H*L) ^ Exf^^^'^+^^^\H*Y,H*L) 

ExC^'"'+^''-\Zp,H*L) ^ 
induced by (9.1.9). By the supposition II on Exf/'^'^'^^'''^{Zp, Zp) = 
( r = 2, 3, 4) wc know that the left group is zero. By the supposition II on 
Exff'j^'^'^'^^"^ ^{Zp, Zp) = 0(r = 2, 3) also know that the right group is zero. 
Then the middle group is zero as desired. 

For the second result, consider the following exact sequence 
Exi^+''*«+^«+'(i?*L,Zp) ^ Exf+^^"'+^''+\H*Y,Zp) 

Exf^^'"^+^\Zp,Zp) 
induced by (9.1.9). By the supposition II on £;xt^+^'**+''''+^(Zp, Zp) = ( 
r = 3, 4) we know that the left group is zero. Similarly, the right group also 
is zero. Then the middle group is zero as desired. 

(2) Consider the following exact sequence (r = 0, 1) 
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induced by (9.1.9). By the supposition I on E'.xt^^'*^^'^''^' ^{Zp,Zp) = 
(k = 2, 3, 4, r = 0, 1) we know that the left group is zero. By the supposition 
II on Exf/^'^'''^'"''^''~'^{Zp, Zp) = (/c = 2,3,r = 0,1) also know that the 
right group is zero, then the middle group is zero as desired. Q.E.D. 

Proposision 9.2.7 Let p >7, then under the supposition of the main 

Theorem A we have 

(1) Exf/^'"^+^\H*W,H*L) ^ Zp{(^w),{a)L}, where e [S^^-iL, 
W] satisfying = G [Jl'^i-'^L, L] and (a)^ G Exf^'^{H*L,H*L) such 
that {i"f{a)L = e Exf/\H*L,Zp). 

(2) Extf''^^'^{H*Y, H*L) = 0, Exf/''+'^~\H*M, H*L) = 
Proof: (1) Consider the following exact sequence 
Exf^^''^^^\H*L,H*L) ^ Exf^^^"'+^\H*W,H*L) 

Exf/''"^+''{Zp,H*L)-^ 
induced by (9.1.12). By the supposition I on £'xt^^'*^^"'(Zp, Zp) = (r = 
2, 3, 4) we know that the left group is zero. By (i")* •£^xt^+^'*^+''(Zp, H*L) C 
Exf^ '^^'^'^ {ZpZp) and the last of which has unique generator h^a = (ai)* • 
(a) = (i")*((ai)L)*((T) and Ext^+^'*^+^''(Zp, Zp) = , then the right group 
has unique generator ((ai)L))*(cr) = ((q;i)l)*((7)l = {j"u)*{<t)w)*{(^)L, where 
(a)L G Exf/'^{H*L,H*L) satisfying {i")*{a)L = e Exf/'^{H*L, Zp). 

Moreover, M{(^i)l)*{<7)l = € Exf/^'^'^'^^'^{H*L,H*L), then the middle 
group has unique generator {4>w)*{.^)l- 

(2) Consider the following exact sequences 

Exf/'^^^'^'\H*L,H*L) ^ Ext'/'^^^\H*Y,H*L) 
Exff+^''-\Zp,H*L) 

Exf/'^+'^-\Zp,H*L) ^ Exfp^'^-^{H*M,H*L) 
Extf'^+''-\Zp,H*L) 
induced by (9.1.9) and (9.1.1) respectively. By the supposition I on 
Ext^J^'^^'''^~^{Zp,Zp) = 0( r = 2,3,4) we know that the upper left group 
is zero. By the supposition I on Exf/'^'^'''^~'^{Zp, Zp) = ( r = 2, 3 ), the 
upper right group is zero. Then the upper middle group is zero as desired. 
Similarly, the lower middle also is zero. Q.E.D. 



14 



Proposition 9.2.8 Let p >7, then under the supposition (I) (III) of 
the main Theorem A we have 
Exf/^'*'^'^^{H*M,Zp) = 0, 

Exf/^'*'^+'^+\H*M A L, Zp) ^ Zp{{i A U)*7r*((7)}. 

Proof: Consider the following exact sequence 
^ Exf/^'^'^+^{H*M,Zp) 
^Exf^^^"'+\Zp,Zp)^ 
induced by (9.1.1). By the supposition III, the right group is zero or has 
unique generator a^i which satisfies p^:{aQi) = a^i / G Ext'^^'^'^'^'^'^{Zp, Zp), 
then im j^, = 0. By the supposition III, the left group has unique generator 
aQtj'or has two generators Oqu'^ = p*(aocri), 0^02 = p*(aoO"2 so that we have 
im = 0. Then, the middle group is zero as desired. 

For the second result, consider the following exact sequence 

Exf/^'"'+''+\H*L, Zp) £;xt7''*^+«+'(iJ*M A L, Zp) 

(^■^)* Exf^^'"'^\H*L,Zp) 
induced by (9.1.1). By Prop. 9.2.4, the right group is zero. Since (/')* 
Exf/''"'+''^\H*L,Zp) C Exf/^'^'+'iZp, Zp) ^ Zp{aoa = {j")*Tr*{a)} and 
Ext^J'^'*'^'^'^^^ {Zp, Zp) = then the left group has unique generator 7r*((7) 
and the result follows. Q.E.D. 

Now we begin to prove the main Theorem A. The proof will be done by 
processing an argument processing in the Adams resolution of some spectra 
related to S. Let 

(9.2.9) •••^ £-2^2 ^ S-i^i ^Eo = S 

ih ih [bo 

S-^i^Gs 'S-^KGi KGo 

be the minimal Adams resolution of the sphere spectrum S which satisfies 

(1) Es KGs ^ Es+i ^ T,Es are cofibrations for all s > 0, which in- 

c* 6* 

duce short exact sequences in Zp- cohomology ^ H*Es+i ^ H*KGs ^ 
H*Es 0. 

(2) KGs is a graded wedge sum of Eilenberg-Maclane spectra KZp of type 
Zp. 

(3) TTtKGs are the £'^'*-terms of the Adams spectral sequence, (bsCg-i)^ : 
TTtKGs-i TTtKGs is the dj~^'*-differentials of the Adams spectral sequence 
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, and TitKCs = Extf{Zp,Zp) (cf. [3] p.l80). 

Then, an Adams resolution of an arbitrary spectrum V can be obtained by 
smashing V to (9.2.9). We first prove some Lemmas. 

Lemma 9.2.10 Let p > 7, then under the supposition of the main 
Theorem A we have 

Cs+i • hoa = (lEg+2 A ai)K (up to scalar) 
where k G 'Ktq+iEs+2 such that Cs+i ■ o = a^+i • k and 65+2 • 1^ = O'OO'' £ 
Trtg+iKGs+2 = Exf/^'"'-^\Zp,Zp). 

Proof: The di-cycle {IrGs+i Az")/toc S irtq+qKGs+i AL represents an 
element in Ext^^'^'*'^'^'^ {H* L, Zp) and this group is zero by Prop. 9.2.4 , then 
it is a di-boundary and so (cs+i A 1l)(1a'Gs+i A i")hocr = , Cg+i ■ hoa = 
(l£;,+2 A ai)f" for some /" G ■ntq+iEs+2- It follows that ag+i ■ (l£;,+2 ^ 
ai)f" = , then a,+i • /" = (1e.+i A j")f^ with G TTtq+q{Es+^ A L). 
The di-cycle {bg+i A 1l)/2 ^ T^tq+qKGs+i A L represents an element in 
Exf^^'*'^'^'^{H*L, Zp) and this group is zero, then (65+1 A 1l)/2 = (bs+iCs A 
1l)9" with g" e 7Ttq+g{KGs A L). Hence, = (c, A 1^)^" + (a,+i A 1^)/^', 
for some /g G 7rtg+q+i£;s+2 A L and we have CLg+i ■ f" = as+i{lE,+2 A j'O/s + 
CsilKGsAj")g" = a,+i(li5,+2 A/O/s +Ac,-a = a,+i(li5,+2 Aj'O/g +Aa,+i 
for some A G .^p, this is because {lKGsAj")g" G ntqKGs = Ext^^'^{Zp, Zp) = 
Zp{a}. Then, /" = {1e,^^ Aj")f'i + \i^ + Cs+i-g'i for some 9^' G TTtg+ii^G^+i 
and so Cg+i ■ h^a = {^Es+i A ai)K (up to scalar). Q.E.D. 

Since h(t) ■ p = hi" ja^i = (cf. Prop. 9.2.3(1) and (9.1.9)(9.1.5)), then 
h(j) = (ly A j)aYAMi , where ay am e [S^^+iM,^ A M]. Let Y.U be the 
cofibre of h(j) = (ly A j)ayAM« : S^'^S' ^ 1" given by the cofibration 

(9.2.11) it y ^ St/ ^ 

Moreover, u;2(ly A j)QyAM = w ■ j, where w : S^'^S' U whose cofibre is X 
given by the cofibration S^^^ U X ^ T,^i+^S. Then, also is 
the cofibre of w = (ly A j)aYAM '■ S^^M — > y given by the cofibration 

(9.2.12) S2^M (^^^il^'^'^ y ^ A S^^+^M 

This can be seen by the following homotopy commutative diagram of 3 x 3- 
Lemma 
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\ i /(lyAj)ayAM\ ^2 / U \ 

(9.2.13) S2«M EU E^'J+iM 

\J \U2 /i 

X ^ E2</+i5 T?i+^S 

Since juijicf)) = 0, then by (9.2.11) we have, ju = usW2, for some 
■^3 G [i7, S^+^S"]. Hence, the spectrum i7 in (9.2.11) also is the cofire of 
WTT : Tt'^S W given by the cofibration 

(9.2.14) E^S ^ S^+^S 

This can be seen by the following homotopy commutative diagram of 3 x 3- 
Lemma in the stable homotopy category 

\W2 y m \ TT y W \W3 

(9.2.15) U SL T,U 

/ wz \u2 y (t)_ \h y W2 

W ^ ^^iS ^ Y 
Moreover, by U3W = ai, the cofibre of uws : W ^ X is S^+^L given by the 

cofibration 

(9.2.16) W^X^ S'?+iL "'^-^'^^ i:W 

where w' [LA L,W] such that w'{1l A i") = w. This can be seen by 
the following homotopy commutative diagram of 3 x 3-Lemma in the stable 
homotopy category 

W ^ X ^ T?i+^S 
\ws /u \u" /j" 

(9.2.17) U S^+^L 

/W \U3 /i" X"'^^!^) 

Lemma 9.2.18 (1) Let '4)^ G W] be the map in Prop. 9.2.7 

such that = (j) ^ then 

(1) A 1l) 7^ G 

(2) Extf''+^''-HH*X,H*L) = 0, 
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Proof: (1) Suppose in contrast that uw^^cpiy^p A 1^) = 0, then by 
(9.2.16) and the result of Prop. 9.2.3(1) on [T^'^'^-^L, L] we have 
(9.2.19) ^vi/(pA1l) = Au;'(7r AIl)^ modulo Fgp^^-^L, M^] 
for some A G where Fs[T,^i~'^L, W] denotes the subgroup of [T,^i~^L, W] 
consisting by all elements of filtration > 3. Moreover, note that uw^ttAIl) £ 
[L,L] and this group has two generators {p A lL),7r/' which has filtration 
one, then uw'{ttAIl) = Ai(pAlj:) + A27rj" with Ai, A2 G Z^py By (9.1.13) we 
have Aip-(ai)i,+A2(ai)L7ri" = so that A2 = AqAi, here we use the equation 
{ai)LT^j" = — Aop-(ai)L5 Ao 7^ G Zp. Then , by composing u on (9.2.19) we 
have0(pAlL) = u4)yy{pML) = \uw' {tt Mijct) = AAi0(p A 1l) + AAqAitt/'^ 
(mod Fi[T?i-^L,L]) and so by (9.1.9) h4{p A U) = XXih^ip A U) (mod 
F3[E^^L, Y]). This implies that AAi = 1 (mod p) (cf. the following Remark 
9.2.20). 

Hence we have AAiAoTrj"^ = (mod Fsp^^^^L, L]) and by the same 
reason as shown in the following Remark 9.2.20, this implies that AAiAq = 
(mod p) which yields a contradiction. 

(2) Consider the following exact sequence 
Exff^^\H*Y,H*L) Exf^''^^'i-\H*X,H*L) 

Exf/''+''~\H*M, H*L) 
induced by (9.2.12). By Prop. 9.2.7(2), both sides of groups are zero ,so tha 
the middle group is zero as desired. Look at the following exact sequence 
Exf/'^"'+^''{H*W,H''L) Exf^^'"'+^\H*X,H*L) 

Exf/'^"'+^''-\H*L,H*L) 
induced by (9.2.16). By the supposition on Ext'^^^'^'^~^^'^~^ {Zp, Zp) = ( 
r = 1,2, 3) we know that the right group is zero and so the result follows. 
Q.E.D. 

Remark 9.2.20 Here we give an explanation on the reason why the 
coefficient in the equation (1 — AAi)/i0(pA1l) = (mod Fsp^'^L, ¥]) must be 
zero (modp). For otherwise , if 1 — AAi 7^ (modp), then (1— AAi)^0(pA1l) 
must be represented by some nonzero element x G Ex^^'^'^^{H*Y,H*L) in 
the ASS. However , it also equals to an element of filtration > 3, then x 
must be a (i2-boundary, that is, x = d2{x') G d2Ext^f'^^^ {H*Y, H* L) = 0, 
this is because ExtY'^^^{H*Y,H*L) = Hom'^^^\H*Y,H*L) = which is 
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obtained by H^'L ^ only for r = 0,q. This is a contradiction so that we 
have 1 — AAi = (mod p). 

Lemma 9.2.21 For the element k € ■Ktqj^iEs+2 in Lemma 9.2.19, 
it is known that ag+i ■ n = Cg ■ a and bs+2 • 1"^ = ooc"' £ '^tq+iKGs+2 = 

Zp), then there exists / G A M and g € Titq+i{KGs+i A M) such 

that 

(A) (1e,+2 a i)K = (cs+i A 1m)5 + {as+2as+3 A 1m)/ 
and 

(B) (ls,+4 A (ly A j)aYAM)f ■ (ai)L = G [S^^+^^+Sl, ^,+4 A F], 
where ay am G [11^'^+-'^ M, y A M] satisfying (ly A j)aYAMi = h(j)e TT2qY. 

Proof: Note that the di-cycle (6s+2A1m)(1£;s+2 A«)«^ G T^tq+iKGs+2/\M 
represents an element i^{aoa') = i*p*{<y') = G Exf^'^'^'^^^{H*M,Zp) so 
that it is a cZi-boundary. That is, (65+2 A 1m){^Es+2 Ai)^ = (bs+2Cs+i A Im)^ 
for some g G -Ktq+iKGs+i A M . Then, by Exf/^'^'^^^{H*M, Zp) = (cL 
Prop. 9.2.8) we have {1es+2 A = {cg+i A 1^)5 + (05+203+3 A 1m)/ for 
some / G Trtq+3Es+4 A M. This shows (A). For (B), by Prop. 9.2.3(1) we 
have (f) ■ p = i" ja^i (up to nonzero scalar), then h(j) ■ p = hi"ja^i = and 
so h(j) = (ly A j)aYAMi for some ay am £ [S^^+^M,!" A M]. Then, by 
composing Ies+2 A (ly A j)ayAM on the equation (A) we have 

(9.2.22) (ls,+2 A h(l))K = {1e,+,, a (ly A j>yAMi)« 
= (05+2^5+3 A ly)(lE,+4 A (ly r\j)aYAM)f 

where (ly A j)ayAM induces zero homomorphism in .Zp-cohomology so that 

(Cs+i A 1y){1kG,+i a (ly a j)Q!yAM)5 = 0. 

By composing {ai)L on (9.2.22) we have (05+205+3 A ly)(lE,+4 A (ly A 
j)aYAM)f-{ai)L = (lE,+2A^)(«;AlL)(?!)-(ai)L = 0, this is because <?!)-(ai)L G 

[E^i-^L, L] = which is obtained by 7rrq-2S = 0( r = 2, 3, 4). Then we have 

{as+3 A ly)(l£;,+4 A (ly A j)aYAM)f ■ (ai)L = (cs+2 A ly)^! = 
where the di-cycle gi G [S*'?'^^'?+^L, i^Gs+2 A 1"] represents an clement in 
Ext'/'^'^'^^^'^^'^{H*Y,H*L) and this group is zero (cf. Prop. 9.2.6(1)) so 
that it is a di-boundary and we have (C5+2 A ly)^! = 0. Briefly write 
(ly A j)aYAM = ^ and let V be the cofibre of (ly A (q;i)l)(w A 1l) = 
^ ■ (1m a (q;i)l) : S^«~^M A L — > F given by the cofibration 

(9.2.23) S3?-iM A L (i^^("i)£](-^i^) y^V^ S^W A L 



19 



It follows that {as+3 A Iy){IEs+4 A ly A (ai)L)(a; A A 1l) = (a^+s A 

Iy){Ie,+4 a (ly Ai)QyAAf)/ • (ai)L = 0, then by (9.2.23) we have (a^+3 A 
1mal)(/ a 1l) = (l£.+3 A Ui)f2 for some G [S^-^+^^+^L, ^,+3 A F]. Con- 
sequently, {bs+3 a 1mal)(1es+3 a '"4)/2 = so that we have 

(9.2.24) {bs+3 A ly)/2 = (Ug.+s A k;4)52 

with 52 e [E*«+3«+2L,KG,+3Ay]. Then, (6s+4C,+3 A ly)(UG.+3 A «;4)52 = 
Oand so (bs+4Cs+3 /\'^y)92 G (li^G.+4 A (ly A (ai)i,(a; A 1l))4E*L, A 
M A L] = 0. That is, g2 is a di -cycle which represents an element [52] G 

, H*L) and this group has two generators as shown in Prop. 9.2.5(2)), then 
we have 

(9.2.25) [52] = KM^^ A 1l)*(AiK A U] + A2[a^ A U]) 
with Ai, A2 G Zp. By (9.2.24) we know that 

is a permanent cycle in the ASS. However, (ly A {ai)L){u! A 1^,) is a map 
of filtration 2, then the cofibration (9.2.23) induces an exact sequence in 
Zp-cohomology which is split as A-module. That is , it induces a split ex- 
act sequence in the ^i-term of the ASS : El+^'*{Y) El+^'*{V) ^-H* 
^s+3,*-3(?^^ A L). It follows that it induces a split exact sequence in the 
Er-term of the ASS for all (r > 2) 

(9.2.26) ^^+3'*(y) E^+^^*{V) E'^+^'*-^i{M A L) 
Then , dr{{w4)4g2]) = implies that dr{[g2]) = 0( r > 2). That is , (9.2.24) 
implies that [52] also is a permanent cycle in the ASS. Since the secondary 
differential d2[g2] = and ^2(0') = ciqO'' in which a' is the linear combination 
of a[,a2, then Ai,A2 linearly dependent. That is, (9.2.25) becomes 

[52] = Ai^*^*(7r A a II]. 

Now we consider the case Ai is nonzero or zero respectively. 

If Ai ^ , (9.2.24) imp;ies [52] and so /i*<^,(7rAlL)* [ct'AIl] G ^*-+3'*«+39+2 
(Y) = Ext'^^'^'^^^'^^'^{H*Y,H*L) is a permanent cycle in the ASS. More- 
over, by (as+3 A ly)(lE,+4 A (ly Aj)aYAM)f ■ (aOi = we have 

(1e,+4 a (ly Aj)aYAM)f ■ ("Ol = (0^+3 A ly)5(3 
for some di-cycle 53 G KGs+3 A y] and it represents an ele- 

ment [53] G Ea;t7^'*«+^«+^(iJ*y,i?*L) so that we have [53] = ^*^*(7r A 
^l)*{^3[o'i a 1l] -I- A4[(T2 a 1l]) for some A3,A4 G Zp. By the above equa- 
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tion and (ly A A l^) has filtration 2 we know that the seeondary 

differential (i2([5'3]) = so that by the similar reason as above , A3,A4 is 
linearly dependent . That is, [g^] = Xsh^<p^ (vr A 1/,)* [cr' A 1 l] so that we have 
(1e^+4 a (ly A {ai)L){co A 1l))(/ A 1l) = {cs+3 A ly)£?3 = and the result 
follows. 

If Ai = 0, then g2 = (65+305+2 Aly)54 for some 54 e [S*«+^«+2-L, -fCGs+2 A 
Y] and (9.2.24) becomes (6^+3 A lv)f2 = (6s+3Cs+2 A lv){'i-KGs+2 A ^^'4)54- 
Consequently we have /2 = (cs+2 A lv)ilKGs+2 A ^4)54 + (0^+3 A lv)/3 with 
/3 e [S^^'+^^+^L, ^,+4 A y] and so (a,+3 A 1mal)(/ A U) = (lij,^3 A ^i4)/2 = 
(as+3AlMAL)(l£;,+4Atf4)/3- Hence, (/AIl) = (1e,+4 An4)/3+(cs+3AlMAL)5'5 
for some 55 G [J^^i+^i+^L, KGs+sAMAL] and so by (9.2.23) we have (l£,+4 A 
(lyA(ai)L)(wAlL))(/AlL) = (c5+3Aly)(UG,+3A(lyA(ai)L)((jAU))55 
= (this is because (q;i)l induces zero homomorphsm is Zp-cohomology) . 
Q.E.D. 

Proof of the main Theorem A: We will continue the argument in 
Lemma 9.2.21. Note that the spectrum V in (9.2.23) also is the cofibre of 
(1m a wi")Tp : X — > S^^M A W given by the cofibration 

(9.2.27) X ^'^^'^"^ S2«M AW^V^J^X 

this can be seen by the following homotopy commutative diagram of 3 x 3- 
Lemma 

S^s-iMAL — , Y ^ i:X 

^lMA(ai)L \^yj^ \^ 

(9.2.28) S^^M V E^e+iM 

X — > l^^^M AW S39MAL 
By Lemma 9.2.21(B) and (9.2.23), / A 1l = {Ie,+^ A Ui)h for some G 

ptg+3g+3 ^ 

, -Es+4 A V\ and so by Lemma 9.2.21(A) we have 

(9.2.29) (as+2as+3AlMAL)(lE,+4 Aw4)/5 = (05+205+3 A 1mal)(/A1l) 
= (l£;,+2 A i A 1l)(k A 1l) - (c^+i A 1mal)(5' A 1l). 

It follows that (a5a5+ias+2as+3AlAfAL)(lEs+4 An4)/5 = and so (0305+105+2 
05+3 A lv)h = (Is. A Wi)U with /e € [S*'?+3'?-iL, ^5 A y]. Clearly we have 
(65 A V) (lis, A«;4)/6 = 0, then (65 Aly)/6 = and by Exf^^+'^"'''^''+\H*Y, 
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H*L) = 0( r = 0, 1, cf. Prop. 9.2.6) we have {asas+ias+2a's+3 ^ lv)/5 = 

as+2 A lv)ilE,+, A W4)f7, with fr € [J^^i+^i+^L, Es+s A Y]. Consequently we 
have 

(9.2.30) {as+ias+2as+3 A ly)/5 

= {as+ias+2 A ly)(l£;,+3 A W4)f7 + (cs A lv)96 
with (ii-cycle (/g £ [S*''"'"^''L, ii'Gs A y] which represents an element [go] G 
Exf/''^^''{H*V,H*L). Note that the di-cycle (6^+3 A ly)/7 € [2*9+39+2^, 
KGs+3AY] represents an element [(fe^+gAly)/?] € Exf/-^'*''^^''^^{H*Y, H*L) 
which has two generators (cf. Prop. 9.2.5)(2)), then [(6^+3 A ly)/?] = 
\%(j)^{7T A1l)*['^[ AIl] + \'%4'*{7T A1l)*[(^'2 AIl] for some A', A" e Zp. By 
the vanishes of the secondary differential : = o?2[(6s+3 A ly)/?] we know 
that A', A" is linearly dependent . Then we have 

(9.2.31) [ibs+3 A ly)/7] = X'KMt^ a A 1l] 

e Exf/^'"^^^''^\H*Y,H*L) 
We claim that the scalar A' in (9.2.31) is zero. This can be proved as follows. 

The equation (9.2.30) means that the secondary differential of the ASS 
^2^6] = e E-^^'"^^^'^^\l,V) = Ext'/^^^'^^^'^^\H*V,H*L), then [ge] G 
E^^,t<i+3i^L,V) and 

The third differential (igbe] = (w4)*[(6s+3Aly)/7] G ^3«+3'*9+39+2^^^ 
Note that (a;AlL)(lM A(ai)L)(iAlL)7r = (ly Aj)ayAMi(ai)L7r = h(f){ai)LTT 
= , this is because (?!>(q;i)l G [S^^^^L, L] = which is obtained by 'Krq-2S = 
(r = 2,3,4). Hence , by (9.2.23), {iAIl)-!^ = mr with r G [T,'^iS,V] which 
has filtration 1. Moreover, u^r-p = (iAlL)7r-p = , then , by Prop. 9.2.3(4), 
T ■ p = Xw4Ji(f){Tr A 1l)tt for some A G -^^(p)- This scalar A must be zero (mod 
p),this is because the left hand side of the equation has filtration 2 and the 
right hand side has filtration 3 (cf. Remark 9.2.20 and Ext^^^'^'^^ {H*V, Zp) = 
which is obtained by ExtY'^^\H*Y, Zp) = = Ext^/^\H*M A L, Zp)). 
Consequently, by Prop. 9.2.3(4) we have t ■ p = and so r = with 
r G [S^«M,F]. Since («4)*(7r)*b6] e Exf/^'*'^'^'''^\H*M AL,Zp) ^ Zp{{iA 
lL)*(7r)*((7)} ( cf. Prop. 9.2.8), then (n4)*7r*[c/6] = Ao(i A 1l)*t^*{(t) = 
Ao(u4)*(rz)*(cr) for some Aq G Zp and so by (9.2.23) we have 'rr*[ge] = 
XoTMa) G Ext'/^^"^^^'^^\H*V,Zp), this is because Exf^^'"^^^'^^^ 
{H*Y,H*L) = (cf. Prop. 9.2.6). By the supposition on d2{u) = a^a' = 
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p*{(7') G Ext^^'^'^'^^^{Zp, Zp), we have d2i*{<j) = so that (o") G E^'^'^'^'^'^^{S, 
M). Moreover, £;2+^'*''+^(5, M) = Exf^^'^'^^^{H*M,Zp) = (cf. Prop. 
9.2.8) then ^3+^'**+^ (6", M) = so that the third difTerential d2.u{a) G 
£;|+^'*«+^(S,M) = 0. Since Tr^f^e] = Ao(r)*z,(a) G F), then 

TT^be] = Aor*(z*((7)) G F) and so 

47r*[56] = Aod3(r)*(i*(a)) = MT),d^{u{a)) = G F) 
Hence, («;4)*vr*[(6,+3 A ly)/7] = dgTr^be] = G i^f F). In 
addition, by the spht exact sequence (9.2.26) we have 'K*[{hs+-i A ly)/?] = 
G ^3+^'*^+^^+^(5,y). Then, in the Es-term, 7r*[(65 A ly)/7] must be a 
(i2-boundary, that is 

7r*[(6,+3 A ly)h] G d2i?r''*''''^+'(5,y) = d2Ejf/'^"^+^'^+\H*Y, Zp) = 
(cf. Prop. 9.2.6(1)). Hence, by (9.2.31), A'/i=,^=,(7r A lL)*7r*(o-') = 0. This 
impUes that the scalar A' is zero (cf. Prop. 9.2.9(3)) which shows the above 
claim. 

So, (9.2.30) becomes (as+ias+20s+3Alv)/5 = (as+ias+2as+3Aly)(lE^_^4 A 
^4)/8 + (c,s A 1^)56 for some fs G [S^^+^^+^L, A Y]. By composing 
l^s+i An5 on the above equation we have (as+ias+2as+3Alx)(l£;^+4 An5)/5 = 
{ds+ias+2ds+3 A lx)(l£,+4 ^ uw2)f8 ( cf. (9.2.28)), this is because {IrGs ^ 
U5)96 e KGs A X] represents an element in Ext'2^''^^'^~^{H*X, 

H*L) = (cf. Lemma 9.2.18(2)) so that it is a di-boundary and {cg A 
^x){^KGs ^ ^5)56 = 0. Consequently we have 
(9.2.32) (a,+2a,+3 A 1x)(1b,+4 A -^5)75 

= {ds+2as+3 A 1x)(1e^+4 a uw2)f8 + {cs+i A lx)g7 
for some di-cycle 57 e ifG^+i AX] such that [57] e 

{H*X, H*L). 

Now we prove (cs+i A Ix)^? = as follows. By Lemma 9.2.18(2) and 
Prop. 9.2.7(1), [g-j] = A3(utf3)*((/)^y)*[cj A 1^] and the equation (9.2.32) 
means that the secondary differential d2[g7] = 0. Since ^2(0") = a^a' = 
p,{a') G Exf^^'*'^^^{Zp,Zp) , then \3{uw3),(^w)*{P A A U] = 

d2b7] = G £;xi^+^'*'^+^^+^(F*X,iJ*L). By Lemma 9.2.18(1), this implies 
that A3 = so that g'j is a cZi-boundary and {cs-\-i A Ix)^? = 0. 

Hence, (9.2.32) becomes (0^+205+3 A lyAVF)(lE,+4 A'U5)/5 = (0^+205+3 A 
lx)(l£;,+4A^i'W2)/8 and so by (9.2.28)(9.2.12) we have, (0^+203+3 A1m)(1£;,+4 
A (1m a {a])L)ui)f^ = {ds+2ds+z A 1m)(1£;^+4 A 'ipu^)fb = 0. On the other 
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hand, by composing {Ies+2 1m A (ai)L) on the equation (9.2.29) we have 
(l£,+2 Ai)K-(ai)L = (1e,+2 AlMA(ai)L)(lE^^2 AiAlL)(KAlL) = ias+2as+3A 
Im){IEs+4 a (1m a {ai)L)u4)f5 = 0. 
It follows that 

(9.2.33) K • {ai)L = (1b,+2 A p)f9 

for some /g G [S*«+«L, ^5+2]. Since 6s+2-k = aoa' = p^{a') G 
.Zp), then K ■ {aijL lifts to a map / G [E*'?+'^+-'^L, i?<j_|_3] such that 6^+3 • / 
represents p*{{ai)L)*[(7' A U] / G Ext'/^'^'^^'^^\Zp, H* L) ( cf. Prop. 
9.2.3(1)). Then , by (9.2.33), p*[6,+2 • fg] = P*((ai)L)*k' A U] so that 
[bs+2 ■ /g] G Exf^'^'*''^'^ {Zp, H* L) must equal to ((ai)L)*[cr' A 1l] , this is 
because the group has two generators ((«i)l)*[<7'i A ((ai)L)*[o"2 A 1^]. 
Write in,s+2 = hi" , then 

(9.2.34) n-ai = (1e,+2 A p)in,s+2 

such that 6s+2 • ^n,s+2 = ^oo"' G Exf^'^'*'^'^'^{Zp,Zp) and by Lemma 9.2.10 
we have (Cg+i A lM)(li<'Gs+i A i)hQa = (le^+a A i)K • ai = 0. This shows the 
second result of the main Theorem. 

In addition, by (9.2.34) and Lemma 9.2.10(2), cLqcli ■ ■ ■ as+i{lEs+2 A 

P)^n,s+2 

= 0, this shows that ^„ = aoai ■ ■ ■ a^+i • Cn,s+2 G 'Ktq+q-s-2S is an element 
of order p and it is represented by h^a' G Exf^'^'^'^^'^{Zp, Zp) in the ASS. 
Q.E.D. 

Remark 9.2.35 In the proof of the main Theorem A, we obtain a 
stronger result. By (9.2.33), /«-(q;i)l = (1e„+2 Ap)/9, then (1e^+2 ^O'^' 

= 0, and so (Is,^, A U A A 1l)(/> = (li?,+2 A U A i){k A A 
= 0, where i" G tt^L A L such that ((ai)L A 11)^" = (t>- It can be easily 
proved that (k A Il)<P = (cs+i A 1l)(T0, where ct(/) G 'Ktqj^2q{KGs+i A L) is a 
di-cycle which represents (0)^,(0") G Ext^^^^'^'^^'^'^ {H* L, Zp). Then we obtain 
that {cs+i A lLAM)(lii-G,+i A z)cT0 = 0. That is to say, (1l A i)*{4))*{a) G 
Exf^^'*'^^'^'^{H*L A M,Zp) is a permanent cycle in the ASS . Moreover, 
by (9.2.34) we have in,s+2 = hi", then (l;<rG^+2 A ai)^n,s+2 = 
ai)hi" = hi" -Oil = and so Cn,s+2 = (1e,+2 A/O/q with fg G 7rtg+2g£^s+2 A 
L. Since ^n,s+2 is represented by /iqc' = {j")*<l>*{<^') in the ASS , then /g is 
represented by ((/>)* (o-') G ExfJ^'^'^'^^'^'^{H*L,Zp) in the ASS. That is to say 
{4>)*{o') G Exf/'^'^'^^^'^{H*L, Zp) is a permanent cycle in the ASS. This is a 
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stronger result obtained in the main Theorem A. 



§3. A general result on convergence in the spectrum V{1) 

In this section we will prove , under some suppositions, a general result 
on the convergence of i'^i' * (hQa) S Ext^^^''^'^^'^{H*V{l), Zp) to the homo- 
topy groups of the spectrum V{1) can implies the convergence oii'^^i^igQcr) G 

in the ASS. We have the following main The- 
orem. 

The main Thoerem B (generalization of [7] Theorem II) Let p > 
5,s < 4, Extf\Zp,Zp) ^ Zp{a}, Exf/^^^'+^iZp, Zp) ^ Zp{hoa}, 
£;a;t^+^'*^+^^+^(Zp,Zp) ^ Zp{520-} and suppose that 

(1) £;a;t^+^'*^+''^+"(Zp, Zp) = 0, for r = 1, n = -1, 1, 2, 3 or r = 2, -u = 

-1,0,1,2,3. 

Ext^^^'^'^{Zp, Zp) is zero or has (one or two) generator a' satisfying 
aoa' 0. 

Ext^^^'^'^^' iZp^Zp) = for r = —2,-1,2,3 and has unique generator 
a^a for r = 1 satisfying OqU ^ 0. 

Extj^'^~^'^{Zp, Zp) = or = Zp{hQT'}, Ext^^^~^^ {Zp, Zp) = or Zp{aoT'}. 

^xt^*''+''''+"(Zp, Zp) = 0, r = 1, n = 1, 2, r = -1, u = -1, 0. 

(II) i'Xihoa) € Ext'/^'^''^'^{H*K, Zp) is a permanent cycle in the ASS, 
then i'^i*{goa) G Ext^^'^'^'^^^'^'^'^'^{H*K, Zp) also is a permanent cycle in the 
ASS and it conveges to a nontrivial element in iTtq+pq+2q-s-2K . 

To prove the main Theorem B, we need some knowledge on derivation of 
maps between M- module spectra and some lower dimensional Ext groups. 
These preminilaries will be used in the proof of the main Theorem B and 
especially in the proof of Theorem 9.3.9 below. 

Prop. 9.3.0 Let p > 5, s < 4, then under the supposition of the main 
Theorem B we have 

(1) Ext'^^'^'^^'' {H* M, H* M) = for r = 1,2. 

(2) Exf/^'^'^'^^'iZp, H*M) = for r = 0, 1, 

Exf^^^\H*M, Zp) = for r = 1, 2, 
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Proof (1) Consider the following exact sequence ( r = 1,2,3) 

induced by (9.1.1). By the supposition, the left group is zero for r = 2, 3 
and has unique generator aga = p*{a) for r = 1 so that im = 0. By the 
supposition, the right group is zero for r = 3 and has unique generator aoa 
for r = 2 which satisfies p*(aocr) = a^a ^ 0. By the supposition, the right 
group is zero for r = 1 and has (one or two) generator a' for r = 2 (both) 
satisfying p*{cr') = a^a' ^ 0. Then , the above is monic so that im j^, 
= 0. This shows that the middle group is zero which shows the first result. 
The second result can be obtained immediately by the first result. 

(2) Consider the following exact sequence (r = 0, 1) 

Exf+^''''+'+\Zp,Zp) ^ Exf^^^*'i+'{Zp,H*M) 
^Extt''''^^{Z,,Z,)^ 
induced by (9.1.1). By the supposition, the left group is zero for r = 1 and 
has unique generator a^a = p*{(t) for r = so that im j* = 0. The right 
group has unique generator aoa for r = 1 which satisfies p*{aoa) = ^ 0. 
The right group is zero for r = or has (one or two) generator a' satisfying 
p*{cr') = a^a' ^ 0. Then im = so that the middle group is zero as 
desired. The proof of the second result is similar. Q.E.D. 

Proposition 9.3.1 Let p > 5, s < 4, then under the supposition of 

the main Theorem B we have 

(1) Exf/''{H*M,H*M) ^ Zp{a} satisfying i*{a) = u{a) G Exf/"^ 
{H*M,Zp), j,{a)=j*{a) G Exff-\Zp,H*M). 

(2) Exf+^'"'+''{H*M,H*M) ^ Zp{{ij),a,{a), a,iij)*{a)} , 

(3) Exf/^'^'^-^''+\H*M,H*M) ^ Zpia^a) = a*{a)}, 

(4) Exf/''"'+%H*K,H*M) ^ Zp{Uij%a,{a) = z^ai A 1m)*{^)}, 
where ai = jai : ^I'^S S and a* : Exf/\H*M, H*M) ^^art^^ ^ 
(H* M, H* M) is the connecting (or boundary) homomorphism induced by 
a : T.1M M. 

Proof: (1) Consider the following exact sequence 
= Extf''^^{H*M, Zp) C Ext'/''{H*M, H*M) ^ Extf\H*M, Zp) ^ 
induced by (9.1.1). The right group has unique generator i*((T) , this is 
because Ext^^'^~^ {Zp^Z^p) = for r = 1) and has unique generator a for 
r = 0. Moreover, p*i^{p^ = i^p*{a) = ^*(aolT) = z*p*(<7) = 0, then the 
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middle has unique generator a such that i*(fj) = i^,((T). This shows the 
result and the second relation can be similarly proved. 

(2) By the supposition, Ext'^^^'^'^~^'^{Zp, Zp) has unique generator hoa = 
j*Q;*i*(cr) = i*a*i*(cr), Then the result follows by the following exact se- 
quence 

^ Exf/^^^'^^'^^\H*M,Zp) ^ Exf^^'^'^+\H*M,H*M) 
'^Exf^^'"'+\H*M,Zp) ^ 
induced by (9.1.1), where the right group has unique generator i*(ij)*a*(o") = 
{ij)*aj^,{a) satisftying p*{ij)*aj^,{a) = (ij%a*i*p*(c7) = and the left 
group has unique generator a^i^:{a) = i*a^[d). 

(3) Consider the following exact sequence 
Exf^^'^'^-^'^^'^{H*M,Zp) ^ Ext'^^'*'^^'^+\H*M,H*M) 

Exf+^'*'^+'^+\H*M,Zp) ^ 
induced by (9.1.1). The left group is zero, this is because by the supposi- 
tion, Exf/^'^'^'^'^^''{Zp, Zp) = for r = 1,2,3. The right group has unique 
generator {ai)^{a) = i*a^{a), this is because Exf^^'*'^'^'^'^^ {Zp, Zp) is zero 
for r = 1 and has unique generator hoa = j*(az)*(o") for r = 0. Since 
p*(ai)*(cr) = {a^)^:p.^:{a) = 0, then the middle group has unique genera- 
tor a* (5-) as desired. Moreover we have a* (a) = a* (a), this is because 
i*j*a*{cr) = j^aj^{a) = hoa = {jai)*{a) = i*j^a*{a). 

(4) Consider the following exact sequence 
Ext'/^'^'^^''{H*M,H*M) ^ Exe;^^'*'^^\H*K,H*M) 

^ Exf/^'^^-\H*M,H*M) ^ 
induced by (9.1.2). By the supposition, Ext^^^'*''^^ {Zp, Zp) = for r = 1, 2 
and has unique generator a' for r = , then the right group has unique gen- 
erator {ijYia') satisfying a^jTi^') = faj^a') j^Qe Exf/^'*'^^'^{H*M, 
H*M) . Hence, Exf/^'*'^^'^{H*K,H*M) = iiExf/^'*'^'^'^ 
{H*M,H*M) has unique generator {i')*{ij)-^a*a = i'^{ai A 1m)*(^), this 
is because (ai A 1m)*(o") = (ij)*Q;*(cr) — Q!*(i_7)*(cr) which is obtained by 
(Xi A 1m = ijoi — oiij. Q.E.D. 

Proposition 9.3.2 Let p > 5, s < 4 , then under the supposition of 

the main Theorem B we have 

(1) Exf/^'"'^'^''^\H*K,H*M) = 0, r = 0, 1,2, 
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^xt^+^'*«+^«+\i7*i^, Zp) = 0. 

(2) Ext'/^^^'^+'^+''{H*K,Zp) = , r = 1,2,3, 

Exf^^'*''^'^^'\H*K,H*M) = ,r = 1,2. 

(3) Exf/^'*'^'^''{H*K,H*K) ^ Zpiihoa)'} with {i'Tihoa)' = {i'ija)^{d). 
Proof: (1) Consider the following exact sequence 

Exf^^'*'^^'^'^^''{H*M,H*M) ^ Exf/^'^'^+^'^+'~{H*K,H*M) 

^ Exf/^'"'+''+''-\H*M,H*M) ^ 
induced by (9.1.2). The left group is zero by the supposition on ^^xt^^'**"*"^^^" 
{Zp,Zp) = for « = —1,0,1,2 . The right group has unique generator 
for r = and is generated by two generators (ij%a*(o") , 
{ij)*a^{a) for r = 1. Moreovre, the right group has unique generator a* (a) 
for r = 2 (cf. Prop. 9.3.1(3)). Wc claim that (i) a^{ij)* {ij)*a.^{a) / . 
(ii) a^[\i{ij)^a^{a) + A2Q;*(zj)*(a)] / 0. (in) a*a*(a-) / 0. Then the above 
a* is monic and so imji = 0. This shows Exf^^'*'^'''^'^^\H*K,H*M) = 
with r = 0, 1, 2 and consequently we have {H*K, Zp) = 0. 

To prove the claim, recall from the supposition that 22cr = j*a*a;*z*(o") 
7^ e Exf/^'*'^+^''^\Zp, Zp), then i^{a2a) 7^ G Exf^^'*'^+^'^+\H*M, Zp) 
, this is because Ext^^^^'^'^^'^'^ {Zp, Zp) = from the supposition. In addition, 
we also have j*%{a2a) / G Exf/'^'^''^^''{H*M,H*M) ,this is because 
Ext'/^'^'^^'^'' {H*M, Zp) = 0. Hence, by 2mja = ija^ + aHj we have 
(9.3.3) a*(ii)*(u)*a*(o-) = j*a*(?;i)*a*i*((T) 
= lj*{ij)*a^aj^{a) = ^j*i*{a2(T) 7^ 
This shows the claim (i). For the claim (ii), 

a*[^i{ij)*a^:{a) + X2a*{ij)* {^)] 

= lXiiij)*a^a^{a) + (^Ai + X2)oi*a*{ij)* (a) ^ 
, this is because this two terms is linearly independent which can be obtained 
from (ij)*a*a*(zj)*((T) 7^ ( cf. (9.3.3)). The claim (iii) is immediate , this 
is because i*j^,a^a^,{a) = j*a*Q;*?*(iT) = 52cr 7^ 0. 

(2) Consider the following exact sequence (r = 1, 2, 3) 

Ext'/'^"'+''^''{H*M,Zp) ^ Ext'/''"'^''^'{H*K,Zp) 

^ Exf^^'"'+'"\H*M, Zp) ^ 
induced by (9.1.2). The left group is zero for r = 2, 3 which can be ob- 
tained from the supposition of Ext^^^'^'^'^'^^^ {Zp, Zp) = 0( n = 1, 2, 3). The 
left group has unique generator a*i*(cr) for r = 1, then in any case we 
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have im i'^ = 0. The right group is zero for r = 2, 3 (cf. Prop. 9.3.0) 
and has unique generator i^{a') for r = 1 which satisfies a*z*(c'"') 7^ G 
Ext'/^'^'''"^'^\H*M,Zp) so that ji = and the result follows. 
(3) Consider the following exact sequence 
Exf/^'*'^^^'^+\H*K,H*M) ^ Ext'/^'*''+\H*K,H*K) 
^ Exf/^'*'^-^\H*K, H*M) 
induced by (9.1.2). The left group is zero by (1) and the right group has 
unique generator i^ij)*Q;*(cr) (cf. Prop. 9.3.1(4)) which satisfies a*i'^{ij)^ 
a* (a) = i'^{ij)^fajfa*{a) = il(ij%a*a*(a') = 0, this is because i'ija^ 
= 2i'aija - i'a^ij = G [T?i-^M,K]. Then the result follows. Q.E.D. 

Proposition 9.3.4 Let p > 5, s < 4, then under the supposition of 

the main Theorem B we have 

Exf+^'"^+''-\H*K,H*K) ^ Zp{{hoa)"} 

satisfying {i')*{hoa)" = i'^{ij)^{ai A Im)*{^)- 

Proof: Consider the following exact sequence 
Exf+^'"^+^\H*K,H*M) Exf+^'"^+''-\H*K,H*K) 

^ Ext'^^'"^^^-\H*K,H*M) 
induced by (9.1.2). The left group is zero by Prop. 9.3.2(1) and similar to 
that in Prop. 9.3.1, the right group has unique generator (ij)*i^ii)*Q;*(o') = 
^'*(u)*(«i /\ 1m)* (5-) which satisfies a*i'^{ij)^{ai A 1m)*{o-) = i'^{ij)*{ai A 
lM)*a*{a) = G Exf/^'^'^'^^'^{H*K, H*M), this is because i'ij{ai A Im)" 
= G [S2«-2M,i(:]. Then the result follows. Q.E.D. 

Proposition 9.3.5 Let p > 5,s < 4, then under the supposition of 
the main Theorem B we have 

Exf'/^'*'^^''^\H*K' AM,H*M) ^ Zp{V'*(u)*a*(a), V'*(uTa*(a)}. 
where ip : EM ^ A M is the map in (9.1.17). 

Proof: Consider the following exact sequence 

Exf/^'^'^^\H*M, H*M) ^ Ext'/^'*'^-^''^\H*K' A M, H*M) 
Exf^^'*'^^'^^^{H*K,H*M) = 
induced by (9.1.17). The result follows immediately form Prop. 9.3.1(2) 
and Prop. 9. 3. 2. (Note: By the supposition, similar to that given in Prop. 
9.3.2(2), we can prove that Exf/'^'^'''^^{H*K,H*M) = so that the above 
is monic). Q.E.D. 
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Proposition 9.3.6 Let p > 5, s < 4, then under the supposition of 
the main Theorem B we have 

Exf/'^{H*K,H*K) ^ Zpiia)'} satisfying {I'YiaY = 
Proof: Consider the following exact sequence 
Exf/'^'^'^^^{H*K,H*M) Ext'j^'^{H*K,H*K) 

Exf/\H*K,H*M) 
induced by (9.1.2). Since jiExtf'^'^'''^\H*K, H*M) C Extf\H*M, H*M) 
^ Zp{a} and a* (a) 7^ G Exf^^'^'^^'^^^{H*M, H*M), then im (/)* = and 
so Extf'^'^'^^^{H*K,H*M) = i'^Exf/'^^'^^\H*M,H*M). Moreover, by 
the supposition on Extj^^''^^^^ {Zp, Zp) = , r = 1, 2, and Ext^^'^^'^{Zp, Zp) 
is zero or ^ Zp{hQa"] we have Ext'/'^^''^\H* M, H* M) ^ Zp{a^{J")}, 
then Extf'^^'^^^{H*K,H*M) = {i')^Exf^'^'"^^^{H*M,H*M) = 0. On the 
other hand, it is easily seen that Ext^^^ (H* K, H* M) has unique generator 
Ki^) which satisfies a*i'^{a) = i'^a^,{^■) = 0. Then the result follows. Q.E.D. 

By (6.5.5), there is a" G [T,i-^K,K] such that a"i' = i'ijaij. Let X 
be the cofibre of a" : Y,i-'^K K given by the cofibration 

(9.3.7) T.i-'^K ^ K ^ X ^ T.i-'^K, 

Then, a" induces a boundary homomorphism (or connecting homomot- 
phism) {a"f : Exf/%H*K,H*K)) Exf/'^'*'^'^'^~^ {H*K,H*K). Since 
a"i' = i'ijaij = i'ij(ai AIm) , then {i')* {a")* {a)' = {a"i')*{ay = {i'ij{aiA 
lM))*(fT)' = (ai A iMTiijni'n^^y = («'u%(ai A 1m)*(^) = (i')*(^o<T)" 
(cf. Prop. 9.3.4) . Then we have 

(9.3.8) (hoa)" = {a")*(.(^y € Ext'/^'*'^+'''\H* K, H*K) 

this is because the above {i')* is monic which can be obtained by Ext^^^'^'^'^'^'^ 
{H*K,H*M) = (cf. Prop. 9.3.2). 

After finishing the above preminilaries , we now turn to prove the fol- 
lowing Theorem 9.3.9. It is proved by some argument processing in the 
Adams resolution (9.2.9) of some spectra related to the sphere spectrum S. 

Theorem 9.3.9 Let p > 5, s < 4 , then under the supposition of the 
main Theorem B we have {cs+iAlK){hoa)" = 0, where {hoa)" G [E*«+«-iiC, 
KGs+i A is a di-cycle which represents the unique generator {hoa)" of 
Ext'+^'^''+''-\H*K,H*K) (cf. Prop. 9.3.4). 

Before proving Theorem 9.3.9, we first prove the following Lemma. 
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Lemma 9.3.10 Let p > 5,s < 4, then under the supposition of the 
main Theorem B wc have 

(1) (c,+i A lK)ihoa)" = (1e^^2 a q")(k a Ik), 

(2) {cs+i A lK){ho(T A Ik) = (1e,+2 A ch A 1k){k A Ik) 
where k G Trtq+iEs+2 such that Og+iK = Cga with o" G wtqKGs 
^Exff{Zp,Zp). 

Proof: Recall that X is the cofibre of a" : T,^~'^K — > K given by 
the cofibration (9.3.7). Since (/lofx)" G [2*9+3" ^ a represents 
(/lotr)" = (a")*(f7)' e £;.Tt^+^'*^+^"\F*i^, then (/iofj)"n G [S^^X, 

KGs+i A i^] is a di-boundary so that (cs+i A lK){hQ(T)"u = and {cs+i A 
li^)(/ioc^)" = fa" for some /' G S^^+^K, ^^+2 A K]. It follows that (a^+i A 
= and so (a,+i A 1/^)/' = /> with G A iiT]. Then, 

{bs+iMK)f!iW = and A^)/^ = ^'-^x for some g' G A 
if], cf is a di-cycle, this is because (hs+2Cs+\ A lif)^' = (f20i" (with ^2 ^ 
\J^t<i+'^K,KGs-\-2 A if]) = since a" induces zero homomorphism in Zp- 
cohomology. Then, by Prop. 9.3.4 and (9.3.8), g' represents (hoa)" = 
{a")*{ay G Exf^^'^''^'''^{H*K,H*K) and so 5' • n is a di-boundary , that 
is g'-u= (bs+ics A lK)g'3 with g'^ G [S*^^, if A K]. Then (6,+i A 1;^)/^ = 
{bg+iCs A 1/^)53 and so f = (c^ A lK)g3 + (os+i A 1e-)/3 for some /g G 
[S*9+iX,£;5+2Aif] and we have (a^+iAl/f)/' = = {csAlK)g3W+{as+i/\ 
lK)f3W. Clearly, g'^w G [S*5if, if A if ] is a di-cycle which represents 
Exfj^'^{H*K,H*K) ^ ^p{((T)'} (cf. Prop. 9.3.6). Then g'^w = gAIk (up to 
scalar and modulo di-boundary), where a G i^tqKGs = Ext^J^'^{Zp, Zp). So 
we have (a^+iAli^)/' = {csMK){(^^'^K) + {as+i/\'i-K)f3'^ = (as+iAlx)(KA 
l_ft") + (o-s+i A lK)fsiiJ , where k G 7rjq+i£'5_|.2 satisfying (is+iK = CgCJ. It fol- 
lows that /' = KMK + fkw+{cs+iMK)g'A for some 54 G [S^^+^if, if Gs+iAif] 
and we have (c^+i A 1k)(/io(t)" = /'a" = (k A 1^)0" = (1e^_^2 Aa")(K A 1;^). 
This shows (1). The proof of (2) is similar. Q.E.D. 

Proof of Theorem 9.3.9 At first, by the supposition of the main 
Theorem B on i'J^hocr) G Exf^^'^'^'^^H* K, Zp) in a permanent cycle in 
the ASS we have (c^+i A lK)ihoa A Ik) = 0. The there exists Vus+i ^ 
[^ti+<iK,Es+i A K] such that (6,+i A lK)v'n,s+i = {h^a A Ik)- 

By Lemma 9.3.10, it suffices to prove {1es+2 A a"){K, A \k) = 0. Note 
that, by (is+iK = Cscr we have as+i{lEs+2 ^ (Xi)k = Cs{1kGs A ai)cr = and 
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so {'i-Es+2 ^ cti)K = Cs+i(/iocr) (up to scalar), this is because iitq+qKGs+i = 
Ext'^^^'^'^'^'^ {Zp, Zp) = Zp{h()a}. Then, by Lemma 9.3.10 we have 

(9.3.11) ilE,+^ A ai A lK)in A Ik) = (c.+i A U)(/ioa A Ik) = 0. 
Moreover, by (9.1.20) we have {1e^+2 P(^'k' AM)i'^ ^^K)i' = (1es+2 
a'){K A lK)i' = 0, Then, by (9.1.17), (l^^^^ A a^/AM)('« ^ ^K)i' = (1e,+2 A 
ivAlM)fnM)f for some / G [^*i+i-^M, Es+2AK' AM] and so (1b,+2 Ai')/ = 
(l£.+2Ap(U'Aii)a^,^j;^)(KAlK)i' = (1b,+2 Aa")('«AU)i' = (l^j^+j Aa')(KA 
l^)i'ij = 0. Hence / = (li?,+2 Aa)/2 for some /a G [S^^-^M, A M] and 
we have {Ie,+2 A{x AlM)a'j^/;,M)i'^^^K)i' = (1e,+2 ^ («' A lAf)rnMa)/2 = 
and (1^3+2 A(xAlM)a'ft'/AM)('^Alii-)/)(f AIm) = (1b,+2 A(.TAlM)ai^'AAf)('«A 
li^ )p(vi A lM)mM + +(l£;,+2 A (x A lM)a'K'AM) ('^ ^ 1;^ )jo(-i; A lM)mM{j A 1m) 
= 0, this is because p{v A 1m)?^m = , p{vi A 1m) = i' ■ Then we have 

(9.3.12) (l£^+2 A (x A 1mX.am)('« A 1k)p = fsiv A 1m) 
with/3 G [S*«+2«+iM,Ss+2Aii'AM]n(A;erd) (cf. (9.1.15) and Cor. 6.4.15). 
It foUows that 

(9.3.13) {as+i A lKfxM)h = h{ai A Im) 

with /4 G [S*^+9M A M,Es+i A K A M] n {kerd){cL (9.1.15) and Cor. 
6.4.15). Note that the di-cycle (6^+1 A 1m)(1£,+i Aj/ A 1m) fi € [S'^^^M A 
M,KGs+i A M] ^ Zp{(a' A lAf)u(i A 1m)}, then (bs+i A 1m)(1e,+i A j/ A 
1m)/4 = a • (ct' a lM)ijU A 1m) and by applying the derivation d we have 
A • (cr' A 1m) (i A 1m) = and this implies that A = 0. That is to say (6^+1 A 
1m)(1£;^+i a jf A 1m) f 4 = , then (65+1 A 1kam)/4 = {^KGs+i A a; A Im)^ 
with di-cycle g G [E*«+9M A M, Es+i AK' AM]n {kerd){ cf. Cor. 6.4.15). 

By Theorem 6.4.3, g = g{i A l/\7)m/\i + gmM{j A 1m)- Now we claim 
that g{i A 1m) = ^i{1kg,+^ AviA 1m)(/?-0'7 A 1m) and gfriM = M{1kGs+i A 
{v A lM)'7nM){hoa A 1m) (mod di-boundary), where Ai, A2 G Zp. 

To prove the claim, note that the di-cycle g{i A 1m) represents an el- 
ement [g{i A 1m)] G Ext'^^'*'^^'^{H*K' A M,H*M) and [(IxG.+i A p)g{i A 
1m)] G Ext'/'^"'^''{H*K,H*M) ^ Zp{[(lxG.+i Ai'){hoa AIm)]} (cf. Prop. 
9.3.2(4)). Then(lKG.+iAp)5(zAlM) =Ai(lKG.+iAp(OTAlM))(/iof7AlM) + 
(bs+iCsAlK)g2 for some 52 e [S*9+«M, i^G, AK]. Since (Ug, A/a')52 = 0, 
then g2 = {Irg, A p)g3 with gs G [S*«+«M, KGs AK'AM]. Then g{i A 1m) 
= Ai (li^G,+i A-ui A Ia/ ) (/iQO- A 1m) + {bs+iCs A 1k'am)93 + (l^G.+i AV')5'4 with 
54 G [E*«+«-iM,irG,+iAM] ^ Zp{{hoaAlM)ij} and so 54 = A'(/io(7AlM)ij 
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for some A' € Zp. However, d{i A 1m) = and d[g) = this implies that 
d{g{i A 1m)) = 0, then, by applying the derivation d to the above equation 
we have {IrGs+i /\tp)d{gi) + (bg+iCs A lK'Mv[)d{g-i) = 0, that is \'{IkGs+i ^ 
ilj){hoa AIm) = {bs+iCs/\^K'AM)d{g3) and this means that the scalar A' = 0, 
this is because V*[/io(T A 1m] 7^ G Exf/^'^'^'^'^^'^{H*K' AM,H*M){cf. Prop. 
9.3.5). This shows that 5f(« A 1m) = Ai(l/fGs+i A'uzA1m)(^ocA1m) (mod di- 
boundary). In addition, by d(mM) G [S^M, M AM] ^ [S^M, M] + [EM, M] 
= 0, then similarly we have grriM = ^2{1kGs+i ^ '^){hocr A 1m) (mod di- 
boundary). This proves the above claim. 
Then, modulo di-boundary we have 

(9.3.14) g = g{iA lM)mM + grriMij A 1m) 

= Ai(liCG,+i AwAlM)(^0O-AlM)mM + A2(lA-G«+iAV')(^0f^AlM)(jAlM) 

= Ai {hocr A I^^'am) {vi A lM)mM + X2{hoa A I^^'am) (■" A lM)rnM{j A 1m) 
We claim that 

(9.3.15) The scalar in (9.3.14) Ai = A2. 

This will be proved in the last. Then , g = Xi{1kGs+i A ?; A 1m) (^C^ A 
1m a 1m) and so we have (6s+i A Ikam)/^ = (l^-G.+i A a; A Im)^ = 
Ai(lft:G,+i A i' A lM){hoa A 1m A 1m) = ^lihoa A Ir A lM){i' A 1m) + 

{bg+lCs A lKAM)g5 = Al (bs+l A lKAM){r]n^s+l A 1m) («' A 1m) + {hci A lKAM)g5 

and /4 = Xiirjn^s^ii' A 1m) + (cs A 1kam)95 + (ds+i A Ikam)!^ with G 
[S*9+«+iM A M, Es+2 AK AM]. It follows that (a^+i A lKAM)h = h{ai A 
1m) = (as+i Alft'AM)/5(a«AlM) and so fs = /5(m A 1m) + (cs+i A li^AM)t?6 
for some ge G [S*«+29+iM, £^5+2 A i^T A M]. So {1e,+^ A a"){K A1k)p = 
(1b,+2 a {lKAj){x A lM)aK/AM)(«^ ^ '^k)p = {1e,+2 A lKAj)h{y A 1m) = 
(cs+i A 1a')(1a'Gs+i a 1/^ a j)g%{y A 1m) = 0, this is because the di-cycle 
{'^KGs+i A Ift- A j)gQ e [S*''+^'^M, KGs+i A K] represents an element in 
Exf/^'^''^'^'^{H*K,H*M) = (cf. Prop. 9.3.2(1)). 

It follows from (9.1.11) that {1es+2 A a"){K A Ik) = f&ciijj' for some 
U G [S*«+«+iM,£;,+2 A K] and (a,+i A lK)kaijf = (a,+i A li^)(lE,+2 A 
a")(/« A Ik) = (ci A li<r)(l/<rG^ A a") (cr A Ik) = 0. Then, by (9.1.14) we have 
{cLs+i A \K)koii = frz with /y G AiT]. Moreover, by Prop. 

9.1.21, fjz = 0, then feai = (cs+iA1k)57 for some gj G 7rtq+25+i(-fCGs+iAi^) 
and so {1e,+2 A a")(« A Ik) = feaijf = (cs+i A lK)g7jf = 0, this is 
because the di-cycle 57 G Trtq+2q+i{KGs+i A K) reprresents an element in 
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Ext^^ '^'^ {H*K, Zp) = 0. This shows the result of the Theorem and 
the remaining work is to prove the claim (9.3.15). 

To prove (9.3.15), Note that by Theorem 6.4.3 and (9.1.15) we have 
{v A lM)rnM{ai A 1m) = (^^ A lM)rnM{j A ljM-)(m A 1m) = -{v A 1m)(« A 
^M)'mM{(xi A 1m) = —{vi A 1m)Q!- Similarly we have a{ju A 1m) = —{c^i A 
^M)'mM{u A 1m), where u : Y ^ E^+^'^M and v : EM K' are the map 
(9.1.5)(9.1.15). 

Then, modulo di-boundary we have 

(Ikg.+i a m a lM)(/ioo-) = -{'^KGs+i A A lM)rnM{hoa A 1m) 
{hocr){ju A 1m) = -{hoa A lM)mM{u A 1m) 
where h^a € [S*''+'?+^M, KGs+i AM] is a di-cycle which represents a*((T) G 
Exf2^^*'^^'^^^{H*M,H*M). So, by (9.3.14), modulo di-boundary we have 
£?(u A 1m) = Ai(li^G,+i Av A lM)(/ioo- A 1m A 1m)(^^ A 1m) + (A2 - Ai) 
{'^KGs+i /\v AlM)fnM{ho(T ^M)iju AIm) 
= (Ai - X2){^KG,+i A A lM){ho(T){ju A 1m) 
this is because (IrGs+i A v){hoa A lM)ii = (l/^G.+i A v)[hoa)ij + (li^G,+i A 
ij){hoa)u = (mod di-boundary) . On the other hand, modulo di-boundary 
we have 

g{uAlM) = A2(lxG.+i A w A lM)(/iocr A 1m A lM)(^i A 1m) + (Ai- 
M)i'i-KGs+i A fi A lM)ihoaJ\lM)mM{u A 1m) 
= (A2 - Xi){Ikg,+i AviA lM)hoa{ju A 1m)- 
Moreover, {1kGs+i ^vi A 1m)^oc(j^ A 1m) represents an nonzero element 
in the Exr group, this is because {IrGs+i A {Ik Ai){x A '\-m)){^kGs+i A m A 
lM)hoa{ju A ImW a 1m)(1k A i) = (1kg,+i A i'ij)hoaijj' = {IrGs+i A 
i')(hQa A lM)ijj' represents a nonzero element in the Ext group. Then, by 
comparison to the above two equations we have Ai — A2 = A2 — Ai so that 
Ai = A2- This shows the claim (9.3.15). Q.E.D. 

Remark In the last of section 4, we will also give another proof of 
Theorem 9.3.9. 

Proof of the main Theorem B By Theorem 9.3.9, there exists 
{Vn,s+i)" e [E*'?+'?-iK, E,+i A K] such that (63+1 A lK)(??n,s+i)" = (ho'^)" G 
[j:ti+i-iK,KGs+iAK]. Let {rjn)" = (ao • • • a,Ali^)(r?„,,+i)" G [E^^+^-^-^K, 
K] and consider the map 

{VnY'Pi'i G Trtq+pq+2q-s-2K 
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where /3 G [S^^^^^'^K, K] is the known second periodicity element which has 
filtration 1. Since (??„)" is represented by (/iqct)" G Exf^^'^'^'"^~^{H*K, H*K) 
in the ASS, then {r]n)"Pi'i G TTtq+pq+2q-s-2K is represented by i)* {hoa)" 
= {Pi'ina"f{cT)' = a'Mi'iUa) G Ext'/''^"'+P''+^''{H*K, Z^,). By [14] 
Theorem 3.2 and [15] Theorem 5.2 we know that a" I3i'i G 7rpg+2g-2-f^' 
is represented by <^*(?'i)*(l) = ii'i)*{go) G Ext^/'^^^'^{H*K, Zp){up to 
nonzero scalar) in the ASS so that {r]n)" (ii'i is represented by Q;^^'/3*(i'z)*(o") = 
{i'i)4goa) e Ext'/^'"'+P''+^\H*K,Zp). Q.E.D. 

Using the stronger result of the main Theorem A which is stated in the 
Remark 9.2.35, the result of the main Theorem B also can be obtained by 

the following main Theorem B'. 

The main Theorem B' Let a G Exf^'^{Zp, Zp), a' G Exf/^'*'^{Zp, 
Zp) be a pair of aQ-rclated elements, that is, there is a secondary differential 
c^2(c") = aQd' . Suppose that all the supposition of the main Theorem A hold, 
then {i'iUgoa) G ExC^^"'+'"'+''\H*K, Zp), {i'iUgoa') G 
{H*K, Zp) are permanent cycles in the ASS. 

Proof Let (f)a G ■Ktg-\-2qKGs^i, (f)a' G iTtq+2qKGs+2 be di-cycles which 
represent ^^(a) G Exf^^'^'^^'^'^^H* L, Zp),^^{u') G Exf/^'^'^+^'^{H*L, Zp) 
respectively. By the stronger result of the main Theorem A (cf. Remark 
9.2.35) we have {cs+2 A 1l)'^o-' = 0, (cs+i A lLAAf)(li^G,+i A 1l A i)0(J = 
0. Then {cs+2 A lLAK)i<pf^' A Ik) = and by using the multiplication of 
the ring spectrum K we have {cg+i A lLAK)i4"^) A Ik) = 0. In addition, 
(hoa)" = (li^G.+i A A)(0a A Ik), {hoa')" = (1kg.+2 A A)((/)(7' A Ik), this is 
because A(0 A Ik) = a" G [T,i-'^K, K]. Then we have (c^+i A lK){hoa)" = 
0, (cs+2 A lK){hoa')" = 0. The remaining steps is similiar to that given in 
the proof of the main Theorem B. Q.E.D. 



§4. A general result on pull back convergence of hocr 

In this section, we will prove that, under some suppositions, the con- 
vergence of the element (1l A i)*<f)*{a) G A M, Zp) can be 
pull backed to obtain the convergence of hoa G Exf/^'*'^^''{Zp,Zp) in the 
stable homotopy groups of spheres. We have the following main Theorem. 
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The main Theorem C ( generalization of [24] Theorem A) Let p > 
5, s < 4 and suppose that 

(I)(a) Ext'fiZp,Zp) ^ Zp{a}, Exf^^^'^+^Zp, Zp) ^ Zp{h^a} 
Exf/'^'^'^^^'^'^'^iZp, Zp) ^ Zp{a2a} satisfying aga ^ 0. 
(b) Zp) ^ Zp{aQu} for n = 1 and is zero for -u = 2, 3. 

Exf^^'*'^{Zp, Zp) is zero or has (one or two) generator a' such 
that (both) satisfies 

hoa' / 0, aoa' + 0, 

£;xt^+^'*''+''''+"(Zp, Zp) = for r = -1, 2, 3, ii = -2, -1, 0, 1, 2, 3 



or 



for r = 1,M = -2,-1,1,2,3 
(c) Ext'^'^'^'^{Zp, Zp) = for = -1, 1, 2, 3 

£;a;t^*^+'"^+"(^p, Zp) = for r = -2, -1, 1, 2, u = -2, -1, 0, 1, 2, 3 
(II) (1l A i) *((?!))* (cr) G Ext^^^'^'^^'^\H* L A M, Zp) is a permanent cycle 
in the ASS, then (m)*(cr) G Exf/'^'*''^''^'^ {H* M, Zp) also is a permanent 
cycle in tha ASS so that h^a = j*(a;i)*((7) G £^xt^'''^'*^'''^(Zp, Zp) converges 
to an element in 7rtq_|_g_s_iS' of order p. 

Note that the supposition (I) of the main Thocrcm C contains the 
supposition I of the main Thoerem B, then some results on Ext groups in 
§3 also hold under the supposition of the main Theorem C. Before proving 
the main Theorem C, we first recall the properties of some spectra related 
to K and M and prove some results on low dimensional Ext groups. 

By (9.1.27), ((ly A j)ayAM A lM)mM = avAM , (9.2.12) and the fol- 
lowing homotopy commutative diagram of 3 x 3-Lemma 
XAM "^-in^-) S2?M ^ S2«+2m 

(9.4.1) S29M J:LAK S29+2MAM 

^2q+iM ^1^' YAM ""2^^ EXAM 
we know that the cofibre of mM(V' A 1m) : X A M — > S^^M is SL A K given 
by the following cofibration 

(9.4.2) XAM "^-in^-) S2«M SL A if ^ A M 

Since (U Ai')(^AlM)mM(V'AlM) =0, then by [E-^-^X AM, L AM] n 
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(kerd) = Zp{u" A 1m} and (9.1.2) we have ((/> A 1m)"T-m(^ A 1m) = (1l A 
a){u" A 1m) (up to nonzero scalar). Since (cp ^ ^K)i'oi = 0, then by (9.4.2), 
there exists axAM S [S^'^M, X A M] such that mM{tp A lM)axAM = a. 
In addition, mM{i> A lM)otx/\MmM{i> A 1m) = OLmM{i> A 1m) = 'mM{'4> A 
1m)(1x Aa) so that by (9.4.2) we have axAM'mM{''P /^^m) = Ix Aa modulo 
{u')4EiX A M,L A K] = , this is because [S«L AK,L AK] = and 
[E^^M, LAK]=0. Concludingly we have 

(9.4.3) (0 A lM)mM(V' A 1m) = (U A a){u" A 1m), 
axAMiriMiip A 1m) = Ix a a 

The cofibre of the map ax am ■ S^'^M ^XAMisWAK given by the 
cofibration 

(9.4.4) S3«M XAM WAK ^'^^'l^^''^ ^^i+^M 

This can be seen by the following homotopy commutative diagram of 3 x 3- 
Lemma 

S39M ^ E2«M SLAK 

(9.4.5) XAM T?'iK 

/v! \ ^XAM / fu A li^ \ j' 
LAi^ WAK''^'"^^^ 
By (9.2.13), ijmMii^ ■uA1m)= ij{u2 A 1m) = {u2 A 1m)(1c/ A ij) = 
mM{i^ ■ u A 1m)(1c/ a ij) = niMii^ A 1m)(1js: A ij)(n A 1m), then we have 
iiruMii^ A 1m) = rriM(ip A 1m)(1x A ij) + A 1m) for some A G Zp. 
It follows that Aj(iV' A 1m) = -jmuii^ A 1m) (Ix A zj) = -j'0(lx A j) = 
A 1m) and so A = 1. In addition, i'{a\ A lM)'mMi4' A 1m) = {j" A 
1k)(1l a A 1m)"1m(V' a 1m) = 0, then by (9.1.23) we have niMi'tp A 
1m) = ruMiu A lM)i'XAM , where Vxam G [J^^^+'^X A M,Y A M]. In 
addition, [S^'^+^X A M, y A M] = Zp{ipxAM} , this can be obtained from 
A M,M] ^ Zp{mM{iJ A 1m)} , (9.1.23) and [S'^X A M, K] = 0. 
Then, by j'ifu A Ik) ■ Hxam = and (9.1.27) we have (u A Ik)ij^xam = 
7l2(ly A i')ipxAM (up to nonzero scalar). Concludingly we have 

(9.4.6) jTp A 1m = ijrriMi^ A 1m) - mM(4^ A 1m)(1x A ij), 

{u A 1k)iJ'Xam = 'P'20-Y A i')ipXAM (up to nonzero scalar) 
A M, y A M] ^ ZpitPxAM}, 
mM{uAlM)ipXAM = mM{ip A 1m), 
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By the following liomotopy commutative diagram of 3 x 3-Lemma 

LAK EX SX 

\u' Ix A j \ a; /" UW2 

X AM Y 

X X Y?iM ^LNK 
we know that the cofibre of (Ix A j)^' : L l\K ^ SX is y given by the 

cofibration 

(9.4.7) LAK SX ^ y ^^^^^'^^ SL A 

In addition, by the commutativity of the above rectangle we have 

(9.4.8) w A 1m = aYAMmuii^ A 1m)- 

Proposition 9.4.9 Under the supposition (I) of the main Thoerem 
C we have 

(1) Exf^'^'*'^^\H*K,H*M) = for r = 1,2, 

(2) Exf^^'*'^^'"^^^{H*K, H*K) = for r = -1, 0, 1, 2. 

Proof: (1) By the supposition, Exf^^'^'^''^^'' {Zp,Zp) = for r = 
-1,0,1, 

2,3, then {j'),Ext'^^'"'+''{H*K, Zp) C Exf/^'"'-''-''-\H* M, Zp) = for 
r = 1,2,3 and so Ext"^^'^''^'' {H*K, Zp) = {i')^Ext'^^'^'^^'\H* M, Zp) = 
for r = 1,2,3 (cf. Prop. 9.3.0(1)) and the result follows. 

(2) Consider the following exact sequence (r = —1, 0, 1, 2) 
= Exf^^'"'^^'+^^'''^\H*K,H*M) ^ Ext'/''"'^''''^\H*K,H*K) 
^ Exf/^'"'+"'+\H*K,H*M) 
induced by (9.1.2). The right group is zero for r = 0, 1, 2( cf. (1) and Prop. 
9.3.2(1)(2)) and also is zero for r = — 1 which is obtained by the supposition 
on Exf/^'^'^^'^^'' {Zp, Zp) = for r = -1,0,1,2. The left group is zero for 
r = —1,0, 1 (cf. (1) and Prop. 9.3.2). The left group also is zero for r = 2, 
this is because Ext^^^'^'^^"^^^{Zp, Zp) = for r = 2, 3, u = 0, 1, 2, 3 by the 
supposition. Then the middle group is zero as desired. Q.E.D. 

Proposition 9.4.10 Under the supposition (I) of the main Theorem 
C we have 

(1) Exf^^'^'^^''^^{H*W A K, H*X A M) = 0. 
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(2) Exf^^'"'+'"'^\H*Y,H*M) ^ Zp{((ly A j)«yAAf)*(<T)}, 

^ Zp{(ll)*((ly Ai)ay/,M)*(^)}, 

(3) ExC'''"-'\H*X,H*M) - Zp{{{lx/\j)axAMUa)} 
Proof: (1) Consider the following exact sequence 

K, H*X A M) Exf/^'^'^'^''^^{H*W A K, H*L A 

induced by (9.4.2). The right group is zero by Prop. 9.4.9(2) and (9.1.12)(9.1.3). 
The left group also is zero by Exf^^'*'^^'''^''^{H*K,H*M) = O(for r = 
l,2,3)(cf. the proof of Prop. 9.4.9(2)) . Then the middle group is zero 
as desired. 

(2) Since u(ly Ai)ayAM G [S'^'^M, M] = Zp{ija,aij}, then u(ly A 
j)aYAM = Aiij'a + Xiaij where the scalar Ai, A2 € Zp satisfy Xijaija + 
\2j0Pij = 0. Consider the following exact sequence 

Ext'/'^"'^^''iZp,H*M) ^ Exf+^^*'i^'"i+\H*Y,H*M) 
^ Exf^^^"i+\H*M,H*M) 
induced by (9.1.5). The left group is zero which can be obtained by the 
supposition on Exf^^'^'^^'^'^^^ {Zp, Zp) = (for A; = 0, 1). By Prop. 9.3.1(2), 
the right group has two generators {ij)^a^{a) and a^{ij)^{a) . Then (u)* 
Exf^'^'*'^^^'^^'^{H*Y,H*M) has unique generator (u)*((ly A j)aY /km)*{o-) 
so that the first result follows. For the second result, consider the following 
exact sequence 

Exf^^^'^^\Zp,Zp) ^ Exf^^^"'^^^\H*Y,Zp) 
^^ExC'''\H*M,Zp)^^ 
induced by (9.1.5). By the supposition, the left group has unique generator 
hofJ = (jai)*(o') so that im (TU)* = 0. The right group is zero or has (one 
or two) generator i^{a') such that (ja)*i*(c7') = hocr' 7^ 0. Then the middle 
group is zero and so the second result follows. 

(3) Since V'(lx Ai)axAM e [S«-1M,M] ^ Zp{ija,aij}, then i>{lx A 
3)oiXAM = X^ija + X^aij, where the scalar A3,A4 G Zp satisfy A3(ly A 
j)aYAMijo: + A4(ly A j)aY/\M(xij = 0. Then, similar to that in (2), (V')* 
Exf/^'^'^^^''{H*X,H*M) has unique generator (V')*((lx ^j)axAM)-M) so 
that Exf^^'^''^^'' {H* X, H* M) has unique generator {{Ix A j)axAAf)*(cr) , 
this is because Exf^^'*'''^^'^'^^ {H*Y, H*M) = which can be obtained by the 
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supposition (I)(b) on Exf/^'*''^'''^^''{Zp, Zp) = for r = 1, 2, A; = -1, 0, 1, 2). 
Q.E.D. 

Proposition 9.4.11 Under the supposition (I) of the main Theorem 
C we have 

(1) Exf/''~^\H*M,H*X AM) ^ Zp{mM{i' A 1mT{^)}- 

(2) Exf^'^^'"^^''{H*K, H*M) = for r = -1, 1, 2, 3, u = 0, 1, 2 

Ext'/\H*K,H*K) ^ Zp{aK} satisfying ii')*{aK) = 

(3) Ext'/'^{H*L AK,H*L AK)^ Zp{aLAK} 
satisfying (j" A lK)*{(rLAK) = {j" A lK)*i(^K) 
Exf/'^^''''^''{H*L A K, H*M) = for r = 1, 2, 3, u = 0, 1, 2, 

(4) Ext^*''+'''^+"(F*VF A K, H*M) = for r = 1, 2, 3, u = 0, 1, 2, 
Exf^'^^'^{H*W A K, H*X A M) = 

Proof: (1) Consider the following exact sequence 

Exf/\H*M, H*M A M) ExfJ^'^-^%H*M, H*X A M) 

{uw,MMr Exff-^\H*M, H*Y A M) 
induced by (9.2.12). By the suppopsition on Exfj^'^""^^''{Zp, Zp) = with 
{r = 1,2, u = 0, 1, 2) and the degree of the top cell of y A M is g + 3 we 
know that the right group is zero. Since {rnM)*Exf/'^{H*M, H*M A M) C 
Exf/'^^'^{H*M,H*M) = ( cf. Prop. 9.3.0(2)), then the left group has 
unique generator (mjv/)*(f^) and so the result follows. 

(2) Consider the following exact sequence (r = —1, 1, 2, 3, « = 0, 1, 2) 

Exff+'^'i^''{H*M,H*M) ^ Extf'^+'^''+''iH*K,H*M) 
Exfi"'+^'-^^''+''-\H*M,H*M) ^ 
induced by (9.1.2). The left group is zero for r = — 1,1, 2,3, u = 0,1,2, 
this is obtained from the supposition 1(c) on Exf^'^'^'^'^'^^{Zp,Zp) = (for 
r = -1, 1, 2, 3, A; = -1, 0, 1, 2, 3). By the supposition and Prop. 9.3.0(2),the 
right group is zero except for r = 1, u = 0, 1 it has unique generator {ij)^{a) 
or a respectively. However, it satisfies Q;*(ij)*(cr) 7^ 0, Q;*(cr) 7^ then, the 
middle group is zero as desired. Consider the following exact sequence 

= Exf^''^^^^{H*K,H*M) ^ Exf/'^{H*K,H*K) 
^ Extf%H*K,H*M) ^ 
induced by (9.1.2). The left group is zero as shown above. The right group 
has unique generator (i')*(cr) , this is because {j')*Ext^J^'^ 
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{H*K,H*M) C Exfp~'''^{H*M,H*M) = and Extf''{H*M,H*M) ^ 
Zp{a}. Then the middle has unique generatot ax as desired. 
(3) Consider the following exact sequence (r = —1,0) 
Exff^^'^^^\H*K, H*K) Exff+"i{H*K, H*L A K) 

Exff^'%H*K,H*K) 
induced by (9.1.3). The left group is zero for r = , this is because by (2) 
(i')*Exf/'^'^\H*K,H*K) C ExfJ^'^^\H*K,H*M) = and ExfJ^'^^'^'^^^ 
{H*K,H*M) = 0. Moreover, by (2), the left group has unique genera- 
tor ax for r = — 1. The right group is zero r = — 1, this is because by (2) 
{i')*Exff'''^{H*K,H*K) C Ext'X^''~\H*K,H*M) = and Ext'/''^^{H*K, 
H*M) = 0. The right group has unique generator ax for r = which 
satisfies (cti A iKYicrK) / G Exf/'^'^'^^'^{H*K, H*K) , this is because 
ii'TiaiAlKTiaK) = iaiAlMTii'n'JK) = (ai Mm)* = (i')*(ai A 
lM)*{a) ^Oe Exf/^'^'^'^'^{H*K,H*M). Then the middle group is zero for 
r = and has unique generator {j" A IxTio'K) for r = —1 so that the first 
result can be obtained by the following exact sequence 

= Exff{H*K, H*L A K) Exff{H*L A K, H*L A K) 



0"a1k)* 



Exff-'^{H*K, H*L A K) ^^i^^* 



induced by (9.1.3). For the second result, look at the following exact se- 
quence (r = 1, 2, 3, u = 0, 1, 2) 

= Ext\'''+"'+''{H*K, H*M) Exff+''''+''{H*L A K, H*M) 

Exff^^'-^^'^+\H*K,H*M) 
induced by (9.1.3). By (2), the left group is zero for r = l,2,3,n = 0,1,2 
and the right group also is zero for r = 2, 3, n = 0,1,2. By Prop. 9.3.0 
and the supposition , the right group also is zero for r = l,u = 1,2. For 
r = l,n = 0, The right group has unique generator (i')*(cr) which satisfies 
(qi a lii-)*(i')*(o") / 0. Then the middle group is zero for r = 1,2,3, w = 
0,1,2. 

(4) Consider the following exact sequence (r = 1, 2, 3, = 0, 1, 2) 
= Exff+"'+''{H*LAK,H*M) Exff+''''^''{H*WAK,H*M) 
O'W,), Exff^^''-^'^^+''{H*K,H*M) 

induced by (9.1.12). By (3), the left group is zero for r = 1, 2, 3, n = 0, 1, 2. 

By (2), the right group is zero for r = 1, 3, n = 0, 1, 2 and by Prop. 9.3.0 
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and the supposition, it also is zero for r = 2,u = 1. For r = 2,u = 0, the 
right group has unique generator (i')*(<5') which satisfies (0 A 
G Exf^'^'*'^^'^'^{H*L A K,H*M). Then the middle group is zero for r = 
1, 2, 3, u = 0, 1, 2 as desired. 

Since {uw2wAlMTExf/'^'^'^{H*WAK,H*XAM) C Exf/'^^''{H*W A 
K,H*M) = 0, then, by (9.1.5), {uw2AlM)*Exf/'^'^'^{H*WAK,H*XAM) = 
{uAlM)*Ext'/''^^''^^{H*W AK,H*M AM) = 0. and by using (9.2.12) we 
know that Ext'/''^'^{H*W AK,H*X AM) = {tj; A 1m)* Ext^^'^^'^ {H*W A 
K,H*M AM) = 0. Q.E.D. 



The proof of the main Theorem C will be done by some argument 
processing in the Adams resolution (cf. 9.2.9) of some spectra related to the 
sphere spectrum S. Before proving the main Theorem C , we first prove the 
following Lemmas. 

Lemma 9.4.12 Under the supposition (I) (II) of the main Theorem 
C we have 

(1) Lcth^e [S*«+«+^M, KGs+i A M] be a di-cycle which represents 
a* (a) G Exf/^'^'^^''~^\H*M,H*M), then (c,+i A Im)/^ = (l£;,+2 Aa)(K A 
1m) (up to scalar), where k G 'rrtq+iEs+2 such that a^+i ■ k = Cs ■ a and 
ae7rtgKGs = Ext'^"'{Zp,Zp). 

(2) {Ie,+., Ac^A 1m){k a 1m)^ 0, (Is^^, A ai A lAf)(K A 1m) = 0. 
Proof: (1) Since {IrGs+i ^ i')hQa is a di-boundary, then (cg+i A Ik) 

i^KGs+i ^ 'i'){ho(T) = so that (c^+i A 1m)/ioo- = {1es+2 ^ for some 
/' e [S*9+iM, Es+2 AM]. It follows that (a^+i A 1m)(1£;,+2 A a)f' = and 
so {as+i A 1m) f = (Is.+i Ai')/2 with G [E'l+'^+^M, E^+i A K]. The di- 
cycle {bs+i A 1^)/^ represents an element in Ext^/^'*''^'^'^^{H*K, H*M) and 
this group is zero by Prop. 9.3.2(2), then (6^+1 A1k)/2 = (bs+iCg AlK)go for 
some 3o e [S*''+'?+^M, i^G^ A X]. Consequently we have, /2 = (c^ A lK)go + 
(a,+i A 1k)/^ for some G [S*^+9+2m, E,+2 A and so (a,+i A 1m)/' = 
(us+i A 1m){1Es+2 a /)/3 + (cs A 1m)(Ug. a f)g'Q = (03 A 1m)(1e,+2 A 
jO/s + (c^ lAf)(o- A 1m) = (ffls+i A 1m)(1£;,+2 AjO/g + (a^+i A 1m)(/« A 1m), 
where the di-cyclc {IrGs Aj')5o ^ [S^'^Af, ilTG^j AM] represents an element in 
Exfj^'^{H*M, H*M) and this group has unique generator a so that it equals 
to ctAIm (mod di-boundary). Hence we have /' = {1es+i Aj')f^ + {KAlM) + 
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(cs+1 A Im)^! for some gi € [11*'^+-'^ M, KGs+i A M] and so (cs+i A 1m)^o<7 = 
(l_Es+2 Q;)/' — i^Es+i A q;)(k A Ia^) which shows the result. 

(2) Since Exf^^'*'^'^^'^{Zp^ Zp) is zero for r = 2 and has unique genera- 
tor hoa = (/)*(</>)* ^oir = 1, then Exf/^'*'^+'^\H*L, Zp) ^ Zp{{(t))^{a)} 
and Exf^^'*'^^'^'^{H*W,Zp) = 0. By this and a similar proof as given in 
(1) we know that (Ib^+z A (^)«; = [cg+i A 1l)ci?!> (up to scalar), where cr0 G 
T^tq+2q{KGs+i^L) is a di-cycle which represents ((?!))*(cr) G Ext^^^'^'^'^'^'^ {H* L, 
Zp). Then, by the supposition (II) of the main Theorem C we have {Ies+2 ^ 
(f) A Im){h a 1m) = (cs+i A Ilam){o'4> a 1m) = so that the result follows. 
Q.E.D. 

Lemma 9.4.13 Under the supposition (I) of the main Theorem C we 

have 

(1) ExfJ^'^{H*X A M, H*X A M) ^ Zp{[a A Ixam]}- 

(2) For any di-cycle 50 e AX], 50 = ^'ihoa A 
Ix) (mod di-boundary) with A' G Zp and {tpxAM)*[hocr A Ixam] 7^ G 
Ext''^^'^''^^{H*Y A M, A M). 

Proof (1) Consider the following exact sequence 

Exff+^\H*LAK,H*M) Exff{H*LhK,H*XM^) 
Exff{H*L A K, H*L A K) ^^^'^^'1^'^^^ 
induced by (9.4.2). By Prop. 9.4.11(3), the left group is zero and the right 
group has unique generator (J^ax which satisfies ((lLAi')((/)AlM))*(o'LAii:) / 
G ^xt^+^'*^+^^(i7*L A K,H*M), this is because {f A 1x)*((1l A i'){cb A 

lM))*i<TLAK) = ((lLAi')(</'AlM))*(/Alx)*(aLAi^) = ((U Ai') ('/'A 1m)* (/ A 

1k)*{(Tk) = {{ai A lK)iTM = (ai A lM)*(^')*(^) = (^'("i A 1m))*{^) + 
G Exf/^'*'^'^\H*K,H*M). Then the middle group is zero. Look at the 
following exact sequence 

Exf/'^{H*L A K, H*X A M) Exf/'^{H*X A M, A M) 
mM(iAiM). Exff-'\H*M,H*XAM) ((i-^^W^^-))* 
induced by (9.4.2). As shown above, the left group is zero. By Prop. 
9.4.11(1), the right group has unique generator mM{ip A 1m)*(i5') 
= mM(^ A 1m)*[o- a 1m]^= [(0- A lM)mM{'ip A 1m)] = [C^KGs A mM{ip A 
1m))('7 a Ixam)] = "i-m(V' A Im)*^ A Ixam] and it satisfies ((1l A i'){(p A 
lM))*mM(V' A 1m)*(c^) = ((1l a z')(0 a lM))*mM(V' A 1m)*[(^ A Ixam] = 0. 
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Then the middle group has unique generator [a A Ixam] as desired. 

(2) Note that {i})^{uw2)* Exf^^'^'^^'^{H* X,H* X) C Exf/^'*'^~'^~\H* M, 
H*Y). Similar to that in Prop. 9.3.0(1), by the supposition we know that 
Exf^^'*'^{H*M, H*M) is zero or has (one or two ) generator a', then 
Exf^^'*'^~'^~^{H*M, H*Y) is zero or has (one or two) generator {u)*{a') and 
it satisfies ((ly A j)a:yAJW-)*(?^)*(c^') = ((ly A j)Q:yAAf)*(ii)*k' /\ H = (Ir A 
ai)4a' My] = [h^a' Aly] + 0, then (V^),(nu'2)*-Ea;t7^'*^+''(F*X, F*X) = 
and so we have (uw2)*Ext'^^'^'^^'^{R*X,H*X) = {uw2)*Exf/^'^'^^''{H*Y, 
H*Y) = , this is because Exf^^'^'^^^{H*Y, H*Y) ^ ^p{((lyAj>yAM)*(w)* 
(cr)} (cf. Prop. 9.4.10(2)). Then Ext'/^'"'+''{H*X, H*X) = {i;)*Exf/^'^''+^'^ 
{H*X,H*M) and it has unique generator (^)*((lx A j)axAM)*(5') = ((Ix A 
j)axAM)*[((^ A 1m)V'] = ((Ix Aj)axAM)*[(lA-G.+i A V')((^ A Ix)] = ((Ix A 
i)Q;xAM)*rnM(V'AlM)*(lx Ai)*[c7Alx] = (Ix A jm)*[(7 A Ix] = [hoa Alx] 
(cf. Prop. 9.4.10(3)) Then the first result follows. For the second result 
, by (9.4.6), the cZi-cycle {Ikg,+i A mM{u A 1m)V'xam)(^o'7 A Ixam) = 
(liiTC+i AmM(^AlM))(^oc^AlxAM) = (/ioo- A 1m)w.m(V' A 1m) and it rep- 
resents an element mM(V'AlM)*[^oO'AlM] = fWM('0AlM)*(cti A1m)*(o") 7^ 
so that the second result follows. Q.E.D. 

Proof the main Theorem C By Lemma 9.4.12(1), it suffices to 
prove (cg+i A 1m)^oO' = (l-E^+i A a)(K A 1m) = 0. The proof is divided into 
the following two steps. 

Step 1 To prove (k A 1xam)(1x A a) = 0. 

By (9.4.3), {(p AlM)'mM{^ A 1m) = {u" A 1m) (Ix A a), then by Lemma 
9.4.12(2) wehave (li;^_^2 Au"A1m)(1e,+2 AlxAa)(KAlxAM) = (Ifi.+zA^A 
1m)('« A 1m)'tim('0 a 1m) = 0. Moreover, by (9.2.16) we have {Ies+2 A Ix A 
a){K A IxAikf) = (l£,+2 A UW3 A 1m)/ for some / G [E*i+i+^X A M, Es+2 A 
A M] n {kerd) (cf. Cor. 6.4.15). By composing {Ies+2 A Ix A i'i A 1m) 
on the above equation we have {1es+2 A uw^ A 1kam){^Es+2 A Iw A i'i A 
1m)/ = (l£,+2 A (Ix A {i'i A lM)a)(K A Ixam) = (l^.+a A Ix A mKi'{ai A 
1m)))('^ a Ixam) = ,wherc wc use the result on {Ies+2 A ai A 1m)('^ A 1m) 
= in Lemma 9.4.12(2). Consequently, by (9.2.16), {Ies+2 A 1^/ A i'i A 
1m)/ = {Ie^+2 a w'{t: a II) a Uam)/2 = (for some /a € [S^^+^X A 
M,Es+2 AL A K A M]), this is because tt A 1^- = 0. Then by (9.1.4) we 
have / = {1es+2 A Iua A e A 1m)/3 = {^E,+2 Alw /\ amM{uA 1m) f 3 for some 
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/s G A M, Es+2 ^W ^Y ^M]^ {herd) ( cf. Cor. 6.4.15) and so 

(9.4.14) (l£^^2 A Ix A a) (k A Ixam) 

= A tttf3 A 1m)(1£;,+2 a Iw a amM{^M /\u))f3 

= (lB,+2AQ;xAM(j"wAlM))(lB,+2AlM^AmM(lMAu))/3 (cf. (9.4.3)) 
By (9.4.14), (os+i A 1xam)(1£;,+2 A Su/s A 1m)(1£;,+2 A {Iw A amuiu A 
1m))/3 = (os+i A 1xam)(1e«+2 a Ix a «)(«; a Ixam) = (cs A Ix/\m){'^kGs 
Ix /\ a){a /\ Ixam) = ,this is because a induces zero homomorphism in 
Zp-cohomology. Then, by (9.2.16) and w^-k Ml) f\lM = {w ^ 1m) (1l A a) 
we have 

(9.4.15) {cLs+i A 1w^am)(1£;,+2 A Iw A amM(it A 1m))/3 
= {Ies+1 a [Iw a a){w A 1m))/5 

with /s G A M, A L A M] n {kerd) ( cf. Cor. 6.4.15 ). 

By (9.4.15)(9.1.2) , (a^+i A Iw/\m){^Es+2 A liy A mM(i^ A 1m))/3 = 
(l£;,+i Au;AlM)/5 + (li?,+i AliyAjO/e for some /e G [S^^+^+^X AM, A 
VFAiir]n(A;er(i) ( cf. Prop. 6.5.26). Since {Iw ^ai)w = w{lL/\ai) =w-<j)j" 
= 0, then w = {Iw A j")ipw , where t/jw G ['E'^L,W A L]. So we have 
w A 1m = {Iw A j")^pw A 1m = (Ivi^ A mM{u A 1m))((1h/' A h)'iljw A 1m)- 
Hence, -(cs+i A liyAYAM)/3 = (l£,+2 A {Iw A /i)V'vi^ A 1m)/5 + (Is^+i A 
1h/ a (ly A i)r)f6 + {Ie,+, a 1h/ a (r a Im)^/^)/? and by Prop. 6.5.26, 
fr = f8{lxAi')+h{lxAi'ij), where /s G [S*?+9XAi^, E.+i AW^Ai^]n(W) 
and /g G A ^,^^+1 A "W" A i^] n (feerd). Since d((ly A i)r) = 

{{r A lM)d(li^ A z) = (r A 1m)(1k A mM){TK,M A 1m)(1m A 1;^ A i)mK = 
{r A lM)(lft' A mM{^M A ^)mif = (r A 1m)^k, by applying the derivation d 
using Theorem 6.4.8(1) we have —{Ie^+i A Ivi^ A (r A 1m)"1a')/6 - (Ifi^+i A 
Iw A (r A lM)"i_ft:)/9(lx A i') = (Note : /g has odd degree) and so 

(9.4.16) -{as+i A 1h^ayam)/3 = (liJ.+i A {Iw A /i)i/;iy A 1m)/5 

+ {'^Es+i A Ivy A (ly A i)r)fQ + (lij^^, A l^y A (r A lM)rnK)/8(lx A i') 
-{IEs+1 a liy a (r a lM)"Ti^)/6(lx A ij) 
Note that the di-cycle {bg+i A liyA/f)/6 G [S^i+i+'^X A M,i^Gs+i A 
A K] n {kerd) represents an element in Exf/^'*'^+'''^^{H*W A K, H*X A 
M) and by Prop. 9.4.10(1) this group is zero, then (65+1 A lwAK)f6 = 
{bs+ics A lwAK)g for some g G [^*i+i+^X A M,ifG, A A if] n {kerd) 
(cf. Prop. 6.5.26) and so /e = (c^ A liyAi^)^ + (a^+i A Iwak)/' with 
/' e p*«+<?+2x A M, £;s+2 A A if] n (fcerd) ( cf. Prop. 6.5.26). Then we 
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have 

(9.4.17) -{tts+i A lH^AyAM)/3 = a {Iw A ^il^w A 1m)/5 
+ (05+1 A lwAYAM)ilEs+2 A Ih/ A (ly A i)r)f' 

+{cs A lwAYAM)ilKG, A liy A (ly A i)r)g 
+ {as+i A lw^AyAM)(lE,+2 A Iw^ A (r A lM)rnK)f'{ix A zj) 
-(cs A 1wayam){^kg, a Ih^ a (r a lM)rnK)9{lx A ij) 
+ {IEs+i a Ih^ a (r a 1m)"1x)/8(1x A i') 
Let P be the cofibre of {Iw A : S^+^i^ ^ A Y given by the 

cofibration 

(9.4.18) E'^+^L (^^-^'^"^ WAY^P^ S^+^L 

Then the cofibre of -105(1]^ Ar) : AX ^ P is T,X given by the cofibration 

(9.4.19) WAK v^^X^J:WAK 

This can be seen by the following homotopy commutative diagram of 3 x 3- 
Lemma 



WAK "'^^il^:,^'') p ^ 

\ l^y A r W5 \W6 /u" 
W AY T.X 



Note that uq = ij,xam{^x A i), then by composing (6s+i A lp)(l£;^_,_i A 
w^Aj) on the left hand side of (9.4.17) and composing {Ix Ai) on the right 
hand side we have (65+1 A 1p)(1e,_,_i A wz{lw A r))/8(lx A i'i) = and so 
(hs+iAlwAK)h{^xM'i) = {^KGs+i/^ue)go = (1kg,+i A/xxam(1x Ai))c/o = 
(lif G,+i A ^xam) (50 A I Af ) (Ix A i) with di-cycle go G [E^^+^X, KG s+i A X] . 
Moreover , by Lemma 9.4.13(2), go = Xi{hocr A Ix) (mod di -boundary), 
where Ai S Zp. On the other hand, by applying the derivation d to (b^+i A 
lTyAK)/8(lx A i'ij) = (1kg,+i ^ IJ'XAM){go A 1m)(1x A ij) we have 



(9.4.20) {bs+i A lwAK)f8{lx A i') == (Irg^+i A HxAM){go A 1m) , 

50 = Xi{ho(T A Ix) e [E*i+iX,KGs+i A X] (mod di- 

boundary) 



46 



Consider the following commutative diagram of exact sequences 



S«+iLAM (i^^^^^i- T^AYAM "^^^ PAM "^-^^ S^+^LAM 
of the cofibrations (9. 1.12) (9.4. 18). Since the left rectangle homotopy com- 
mutes then there exists uy G [E~^i~^P A M, M] such that all the above 
rectangle homotopy commute. That is we have 

(9.4.21) U7{w5 A 1m) = {fu A 1m)(1w A mM{u A 1m)), 

{(I)AIm)u7 = ± -Us a 1m 
where uy G A M,M]. By the above two equations , we have the 

following homotopy commutative diagram of 3 x 3-Lemma in which we use 
the cofibrations (9.2.12)(9.4.18)(9.1.23) 

PAM "^-^^ S«+2LAM E«+2WAM 

\ / <^ A 1m \«'^^^)'^^^''-/i^AmM{«AiM) V""^'- 

(9.4.22) S^^+iM SVFAyAM S^^+Sm 

^ A 1m X^^^'^'^^^VlvKACr-AlMMKX ^5 A 1m / U7 

S9+iPF A M ^^^^'''^ s^VF A if ^ EP A M 

Then there is a cofibration 

(9.4.23) S^'^-^M ("^w^^^)*' A K ('"5AlM)(l wA( rAlM)mx) 

S-ip AM ^ T.^iM 
in which (/-HZ G [S39-i5,VF] such that u • = </> e [S2'?-i5,L]. Since 
A lK)i' ■ ut = {u ■ (pw A Ik)^' • uj = 0, then by (9.4.2) we have 

(9.4.24) 117 = mui'ip A lM)tt8 

where G [S-^-^P A M,X A M]. On the other hand, by (9.4.8), (a; A 

lM)u8iw5{'^W /\r)AlM) = ayAMmM('0AlM)lt8(iy5(ltyAr)AlM) = avAMUY 

{w5{lw^r)AlM) = aYAMf{j"uAlK){lw^rnK) = (cf. (9.1.27)). Then, 
by (9.4.7), W8(w^5(lvv- Ar) AIm) = ((Ix Ai)ti' A 1m)Ai with Ai G [^-^W A 
K AM,LAK AM]n [herd). By composing /^XAiw(lx Ai) A Ijf on the above 
equation and using (9.4.19) we have ((Ix Aj)n' A1m)Ai(^js:am(1x Ai) AIm) 
= and so by (9.4.7)(9.4.6), Ai(^XAAf(lx A i) A 1m) = (7^2(1^ A i'i) A 
1m)V'xam- Then (/ A li^AAf)Ai(^XAM(lx A i) A 1m) = ((/ A lK)Ti2{^Y A 
i'i) A lM)tpXAM = (i'u A Im)^xam = {i'i A 1m)"Zm(w A Im)^xam + {i' A 
^M)rnM{ju A 1m)V'xam and so (j" A 1xam)Ai(/xxam(1x A i) ■ UW2 A 1m) 
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= 0. Consequently we have (/' A 1kam)^i{iJ'Xam{uw2 A 1m) A 1m) £ 
(ly A j A 1 M )* [S^^'^y AM,KAM] =0, this is because the degree of the top 
cellofyAMisg + 3. Then (/ Ali^AM)Ai(/xxAM AIm) € (V^AImam)IMA 
MAM, KaM] and so (/(/AIk) A1m)Ai(/xxamA1m) = and by (9.4.4) we 
have (/(/Ali^)AlM)Ai = A2{j'{j"uAlK)AlM) = A(/(/nAU)AlM) with 
A G Zp, this is because A2 G [M A M, M A M] n (A;erd) = Zp{Imam}- Hence, 

ii^AlM)u8{w5{lwr^r)AlM) = Aj>' Alftf ) Ai = (/(/AU)A1m)Ai = 

Hfifu A Ik) a 1m) and by (9.4.21)(9.4.24) we know that A = 1 so that 

(9.4.25) mM(^ A 1m)^^8K A 1m)(1w- A (ly A i)r) = j'{j"u A Ik) 
= {jip A Im)u8{w5 a 1m)(1vi^ a (r a lM)mK) , 

{ji) A lM)us{wr, A lM)(liy A (ly A i)r) = ijj'ifu A Ik) 
where we use [jj' A lM)rnK = f in the above equation. By composing 
(l^s+i A us{w5 A 1m)) (it has odd degree) on (9.4.17) we have 

(9.4.26) {cLs+i A 1xam){IEs+2 A usiw^ A 1m)) f 3 

= -(os+i A 1xam)(1£;,+2 a U8{w5 a lM)(lTy A (ly A i)r)f' 
-A(as+i A 1xam)(1e,+2 a u'{u A 1k))/'(1x A ij) 
+ (cs A 1xam){1kGs a usiw<y A 1m)(1w A (ly A i)r)g 
-{cs A Ixam){1kGs a usiwr^ A 1m)(1w a (r a lM)mK))gilx A ij) 
+\ilE.,+i A u'{u A U))/8(1x a i') 
where we use us{w5 A lM)(lTy A (r A Im)^k) = Xu'{u A Ik), for some 
nonzero A G Zp. Moreover, by (9.4.20) (9.4.6), (65+1 A 1lak)(1£;,+i A n A 
li<:)/8(lx A i') = {IkGs+1 a (-u a 1k)/xxam)(5o A 1m) = {^kg,+i A 7x3(1^ A 
i')tpXAM){9o/\'^M) = Ai(1kg,+i A7Z2(lyAz')V'XAM)(/ioo-AlxAM) = Ai(/ioO"A 
^LAK)'p2i'^Y ^■i')ipXAM (mod di-boundary). Then [{b,,+i A1lak){1es+i ^uA 

1a')/8(1xA0] = Ai(0Ali^)*(/Alir)4(cTAlLAif)M2(lyAi')^XAM] = Ai(</)A 

l/^)*(i" A l/^)*(7i2(ly Ai'))*(V'XAM)*[o- A Ixam] = Xii(j) AlK)*ii')*imM (u A 

lM))*(V'XAM)*kAlxAAf] = Ai((lLA-i')(0AlM))*(?TT-Af(V'AlM)*kAlxAM] = 

G Exf'^'^'*\H*LAK,H*XAM). That is we have (6^+1 AlLA/^)(lij^_^i AuA 
U)/8(lxAi') = (6,+ic,AlLAi^)<73with(73 G [^"iXAM,KGsALAK]nikerd) 
( cf. Prop. 9.5.26) and so (1^,+, A u A 1k)/8(1x A i') = (c^ A 1lak)93 + 
{as+i A lLAK)f2 with G [E^i+^X A M, Es+2 ALAK]n (kerd) (cf. Prop. 
6.5.26). Hence, (9.4.26) becomes 

(9.4.27) {cLs+i A 1xam)(1b,+2 A ugiw^ A 1m))/3 

= -{dg+i A Ixam){^Es+2 a U8{w5 a 1m)(1w a (ly A i)r))f' 
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-X{as+i A lxAM)ilEs+2 A u'{u A A ij) 

+ {cs A Ixam){IkGs a ^i8(^f5 A 1m){Iw A (ly A i)r))5r 
-(cs A lxAM)(li^G^ A it8(ti)5 A lM)(liy A (r A Im)^^))^!!^ A ij) 
+A(cs A lxAM)(li<rG, A u')g3 + A(as+i A 1xam)(1b,+2 A u')f^ 
By (9.4.27), (l^G. A us{w5 A 1m)(1w A (ly A i)r)g - [IrGs A U8{w5 A 
lM)(li^A(rAlM)mi^)5(lxAzi)+A(lxG.Au')53 e [^"^X AM, KGsAX AM] 
is a (ii-cycle which represents an element in Ext^J''^ {H* X A M, H* X A M) = 
Zp{[a A Ixam]} ( cf. Lemma 9.4.13). Then we have 
(9.4.28) (IkGs a U8iw5 A Uf )(li^ A (ly A i)r)g + A(1kg. A u')g3 
-(IftTG, A U8{w5 A Im){1w a (r a lM)mK))gilx A ij) 
= Ao(iT A Ixam) (mod -boundary). 
Now we consider the cases of Aq 7^ 1 or Aq = 1 separately . 
If Ao 7^ 1, then by (9.4.27) and Cs ■ a = (ig+i ■ k we have 

{1e,+2 Au8(k;5 a 1m)) fs = -(1e.+2 Au8(k;5 A 1m)(1w^ A (ly Az)r)/' 
-X{1e,+, a u'{u a lif ))/'(1x a ij) + A(1e^+2 a u')f^ 
+Ao(k a Ixam) + (cs+i A 1xam)5'4 
with 54 e [T.^'^^'^XAM,KGs+iAXAM] and by composing (l^.+jAlxAa) = 
ilEs+2 A axAMmM{i> A 1m)) we obtain that {Ie,+2 Alx Aa){K A Ixam) = 
{Ies+2 AaxAM{j"u AIm){1w /\'mM{u Mm))!?, = (l^.+a A^xam -mMii^ A 
1m)u8{w5 a 1m))/3 = Ao(1e,+2 a Ix a a){K A Ixam) so that the result of 
the step 1 follows. 

If Ao = 1, then by composing {IrGs A mM{i> A 1m)) on (9.4.28) and 
using (9.4.25) we have (l/<rG« A/(/'uA1k))5 = (1kg, AmM('0 AlM)^i8(if^5 A 
1m)(1vk A(ly Ai)r)5 = {a AlM)mM{tp ^Im) (mod di-boundary). Moreover, 
by composing {IrGs A jV' A 1m) on (9.4.28) and using (9.4.25) we have 
{IkGs a jV' a 1m)(o- a Ixam) 

= (1kg. a {jip A 1m)u8{'W5 a 1m) (1h^ a (ly A i)r)g 

-{IkGs a (iV' A lM)^i8(^i'5 A 1m)(1w' a (r a lM)fnK))gilx A ij) 

+A(1kg, a {jip A lM)u')g3 
= (1kg. a ij{j'{j" A 1k){u a lK))g 

-(lKG.A/(j"«AlK))5(lxAu)+A(lKG.A/(/AlK))53 by (9.4.25) 
= (1kg, a ij){a A lM)mM{ik A 1m) - {(t A 1m)?tim(V' A 1m)(1x A ij) 

+A(1kg. a i'(i" A 1k))53 
= (1kg. a A 1m) (<7 A Ixam) + A(1kg. A /(/' A 1k))53 by (9.4.6) 
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(mod di-boundary), then {IkGs ^j'U" A li^))5'3 = and so 53 = {IrGs ^ 
7l2(ly A i'))g5 (mod di-boundary) for some G [S^^+^+^X A M,KGs A 
y A M]. So, by (9.4.6)(9.4.20) (Ug.+i A 712(1^ A i')V'XAM)(<7o A 1m) = 
(li<:G3+iA(nAlft:)/xxAM)(9'oAlM) = (^s+iAlLA/f)(lE3+i AuA1k)/8(1xAz') = 
{bs+iCs A lLAi<r)53 = {bs+iCs A lLAi<r)(lft'G3 A7i2(ly Az'))55 so that {IkGs+i A 
V'xam)(5'oA1m) = {bs+iCsAlYAM)g5 , this shows Ai(V'xam)*[^o<7'A1xam] = 
(^XAAf)*bo A 1m] = G fet^+^'*^+^(iJ*y A M, A M) and by Lemma 

9.4.13(2) we have Ai = . Then [go A 1m] = and so {bs+i A lwAK)f8{'^x A 
i') = {bs+iCs A lwAK)g6 for some ge G [S^'^+'^X A M,KGs AW AK] and 
/8(lx A i') = {cs A lwAK)g6 + {as+i A lwAK)f3 with G [S^^+'^+^X A 
M,Es+2 AW AK]. Then, by composing (1e,+i A u;5 A 1m) on (9.4.17) we 
have 

-(os+i A 1pam){^e,+2 a a 1m)/3 

= (tts+i A 1pam)(1b3+2 a {w5 a lM)ilw A (ly A i)r)f' 

+{as+i A 1pam)(1e.+2 a {w5 a lM)(liy A (r A 1m)"ix)/'(1x A ij) 

+ (os+iA1pam)(1e,+2 A('U;5AlM)(lvFA(rAlM)"Ti^)/3 + (CsAlpAM)ff7 
where the di-cycle 57 = (li^c^ A {w5 A 1m) (Iw' A (ly A i)r)g - (IrGs A 
(^5 A 1m) (Iw' A (r A lM)mK)g{lx A ij) + (IxG. A {w^ A Im){Iw A (r A 
^M)rnK)ge G A M, i^G^ A P A M] which represents an element in 

Exfj^'''^'^'^^{H*PAM,H*X AM). However, this group is zero , this can be 
obtained by the following exact sequence 

= Exff^\H*W A K, H*X A M) ((-^^1m)(1wA('^a1m W). 

Exf/'^+'^+^{H*P A M, H*X A M) ^-H* 

Exff-\H*M, H*X A M) ((^^^^'K^^^))* 
induced by (9.4.23), where the left group is zero by Prop. 9.4.11(4) and by 
Prop. 9.4.11(1) the right group has unique generator mM(V'AlM)*('5'), which 
satisfies {{Iw A i'){(pw A lM))*mM{^ A 1m)*{o) 7^ G Exf^^'^'^^'^{H*W A 
K, H*X AM). 

Then, (c^ A 1pam)5'7 = and so -(IE3+2 A ^5 A 1m)/3 = (IE.+2 A (w^ A 
lM)^i8(lw A (ly A i)r)f' - {1e,+2 a {w5 A Im){Iw A {r A lM)rnK)f'{lx A 
ij) + (1^3+2 A {w5 A 1m) (1h/ a (r a lM)rnK))fz + (cs+i A 1pam)58 for some 
gs G \p"i+'i+'^X AM,KGs+iAP AM]. By composing (l^.+z Aoxam ■'"7) we 
have (1e,+2 Alx Aa)(KAlxAM) = (Ifi^+z A Q;xAM(i"^t A 1m)(1vk A mM(« A 
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1m))/3 = /\ OLXhM ■ U7{w5 A 1m))/3 = . This shows the result of 

step 1. 

Step 2 To prove (cs+i A 1m)^oc = (k A 1m)q; = 0. 

By (9.4.3)(9.4.4), )Uxam(1x A m) = /xxam^xamV' = and so by 
(9.1.15) fixAM = fJ-XAK'ilx A v) , where fixAK' e [X A K', A K]. We 
claim that X A K' splits into W A K y T,'^Y, that is, there is a split cofibra- 
tion S'^y ^XAK'^WAK, this can be seen by the following homotopy 
commutative diagram of 3x3-Lemma and using (lyAj)ayAMj' = r{lK^C(i) 



XAM WAK E9+iy 

\ IX A / fiXAK' V'(^""^'- V(l,A,)a^.M 

X AK' 

y rxAK' \ IxA /'V' \ axAM 

Hence, there is a split cofibration Ti'^Y X AK' W A K and so 

there are i^xAii:' : X A i^' ^ S«y and z^xaK' : A ^ X A i^' such 

that PXAK' ■ TXAK' = ly, IJ-XAK' ■ l^XAK' = '^WAK, TxaK' ■ ^XAK' + t^XAK' ' 
IJ-XAK' = ^XAK'- 

By the result of step 1 we have {kA1maxaK'){(^/\^xaK') = 0, then {kA 

lMAy)(aAly) = {lE,+2^'^M/\l^XAK'){KAlMAXAK'){aAlxAK'){^M^TXAK') 

= 0. Moreover, by using the splitness in (9.1.32) we have {cg+i A lM)hoa = 
(k A Im)" = (1e,+2 a Ia/ a i>)(k a lMAyAK')(" /\ ^YAK'){^M /\t) = which 
shows the main Theorem C. Q.E.D. 

Remark. In the proof of the main Theorem C, We only use the sup- 
position (II) for our geometric input to obtain that {1es+2 A (/> A 1m) (/^ A 
lM)^Mi'ip A 1m) = 0. Then , the geometric supposition (II) of the main 
Theorem C can be weakened to be the supposition on mM{ip A 1m)*(0 A 
1m)* (cr) e Exf^^'^'^{H*L A M, H*X A M) is a permanent cycle in the ASS. 

Using some new cofibrations in this section , we also can give an alter- 
native proof of Theorem 9.3.9( and so the main Theorem B). We first do 
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some preminalaries. 

Since a'a'i' = 0, then by (9.1.23), there exists ct'^/^^ G [S^^^y /\ M, K] 
such that a'y /^Mi''' ^^M)mK = oi ■ By applying the derivation d, difiLy i^^){r l\ 
iM)rnK = -d{a') = and so d{a'{r^;^) e {niMiu A 1m))*[S2«M, if] = 0. 
(XYAMi^Y A i)r e [Ei-^K,K] ^ Zp{a"} and so a'-^^j^^ily A i)r = \a" for 
some A G Zp. Note that d((lyA'j)r) = [r /\\M)d{'\-K ^i) = {r/\'i-M)rnK, then 
by applying the derivation d, we have a' = oty/yMi''' A M)rn,x = \d{a") = 
—\a' and so A = —1. By (9.1.8), hi" = w, ri' = w • j{ up to sign), then 
(r A lM)rnK'i'' = — (ri' A 1m)^m = ±(1^^ A Ia/) = ±(hi" A Ia/) and so 
"yam(^^"A1m) = Aoay;\M(^'^lM)"ixi' = Aoa'i' = Aoi'((ai)L«" A Ia?) and 
we have ay/^M^h A 1m) = Aoi'((ai)L A Im), where Aq = ±1. On the other 
hand, i'((ai)L A 1m)(1l A/)(^" A 1^) = i'{ai A 1m)/ = i'(ua - aij)j' = 0, 
then ?'((ai)L A1m)(1l a/) = AV(/' Al^-) with A' G Zp. By composing the 
map A in Theorem 6.5.18 we have X'a'i'ijf = X'a"i'j' = X'a"{j" A Ir)^ = 
z'((ai)LAlM)(lLA/)A = -i'{{ai)Li"MM)ijj' = -a'i'ijf so that A' = -1. 
Concludingly , there is ce'-y/^M ^ A M, K] such that 

(9.4.29) ayAAfC^ A lAf)mi^ = a', "yAMtli' = 
d{<^YAM) = 0' (^yam(^ ^ 1m) = Aoi'((ai)L A 1m), 
i'((ai)L A 1m)(1l A /) = -a"{j" A li^) 

where Aq = ±1. 

Note that the cofibre of a'^^^M ■ AM^KIsXaM given by 

the cofibration 

(9.4.30) A M K X A M S«-iy A M 

and the above map V'xam G [X A M, S^-^F A M] and G [L A X, X A M] is 
just the map in (9.4.2) and (9.4.6). This can be seen by the equation niMiuA 
^m)iPxam = muiip A 1m) in (9. 4. 6), (9. 4.2) and the following homotopy 
commutative diagram of 3 x 3-Lemma 

XAM s2gM ^ j:i+^K 

(9.4.31) Yfl-^Y KM Y.LKK S«y A M 

^{rAlM)rnK ^<^m / A 1^ \u' / i^XAM 

^ "'^'^'"^ EXAM 

and by this we have the following relation 

(9.4.32) VxAMtx' = (r A lM)rnK{j" A Ik). 
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Proposition 9.4.33 Let p > 5 and V be any spectrum, then for any 
map / G V AK]we have (ly A a')d{f) = d{f )a' = 0. 

Proof: By (6.5.12), aAl^ = m'j^a'm'j^, where = m^T : MAK — > 
if, m'^ = TrriK ■.T,K ^ M AK. d{f)a'm'j^ = (ly A m'j^){T' A1k){1m ^ 
fym'Ka'm'K = (ly A m^)(r' A 1x)(1m A /)(a A 1^) = (ly A m'^XT' A 
lK)iaAlvAlK){lMAf) = (ly A m'^(Q! A l^f))(r' A Ik) (1m A /) = 0, where 
T' : M AV V A Mis the switching map. Q.E.D. 

Proposition 9.4.34 Under the supposition (I) of the main Theorem 
B we have 

(1) Exf/''~^{H*K,H*K) = 0. 

(2) Exf^''{H*Y A M,H*K) has unique generator (ly A i)^r4a A Ir]- 
Proof: (1) Consider the fohowing exact sequence 

Exf^''^\H*M,H*M) ^ Exff^'^{H*K,H*M) 

^ Exfi"'-\H*M, H*M) ^ 
induced by (9.1.2). By the supposition (I), the right group has unique 
generator j*i*{a) which satisfies a*j*i*(cr) = (zj)*a*(cr) 7^ 0. Then im (/)* 
= 0. By the supposition (I), the left group is zero or has two generators 

(?j)*a*(r'), (u)*Q;*(t') (this can be obtained by a similar proof as given in 
Prop. 9.3.1(2)), then Exf/"^" {H* K, H* M) = {i')^Exf^'^'"^{H*M,H*M) 
is zero or has unique generator (i')*(Q;i A 1m)*{j')- Look at the following 
exact sequence 

Exf/''^'^{H*K,H*M) ^ Exf/'^~\H*K,H*K) 
^ Exff'\H*K,H*M) ^ 
induced by (9.1.2). By the supposition (I), the right group has unique 
generator which satisfies a* j*{i'i)^,{a) = {i')^{ij)^,a^{a) 7^ G 

Ext^/^'*''^'^{H*K,H*M) so that im (i')* = 0. The left group is zero or has 
unique generator {i')*{ai A Im)*{t') and so im (/)* = and the middle 
group is zero as desired. 

(2) For any g G Exf/\H*YAM, H* K),mM{uAlM))*{g) G Exfj^'^~'^~^ 
{H*M, H*K) ^ Zp{{j')*{a)}, this can be obtained from Exf^'^{H*M, H*M) 
^ Zp{a} in Prop. 9.3.0(2) and Exf/''~'^~^{H*M,H*M) = 0, where the last 
is obtained by the supposition (I) on Exf^''^'^'^^ 

{Zp, Zp) = O(for « = 0, -1, 1). Then imu^ ^^M))A9) = A'(i')*k A Im] = 
A'[(c7 A Im)/] = A'[(1kg. a j'){a A Ik)] = A'(/)*k A \k] = A'(mM(u A 
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1m))* (ly A i)^r^,[a A Ik] and so g = A'(1y A i)*r*[(j A Ik] ( with A' G Zp) 
modulo {{r MM)mK)*Ext'/''~^{H*K,H*K) = 0. Q.E.D. 

An alternative proof of Theorem 9.3.9: By the supposition (II) 
of the main Theorem B we have (l^'^^j Aa')('^ A1_k) = (c^+i A l_ft')(/ioO' A li^-) 
= 0, then (k A Ik) = (1e,+2 ^ '^k)! and we have d{{lE,+2 ^ '^K)f) 
= 0. That is we have 

(9.4.35) AC A Ik = A / A U)/ d{f) = {1e,+, A i" A U)/' 
for some / G [S^^+^+^i^T, Es+2 A L A K], f e [S*«+9+2^, £;,+2 A K]. 

By (9.4.29)(9.4.35),(1e,+, A a'^^^^C^ A lAf)(lL A /))/ = Ao(l£;,+2 A 
i'((ai)L A 1m)(1l A /))/ = A A Ik))/ = A 

a")(/t A lii"), where Aq = ±1. That is we have 

(9.4.36) {Ie,^, a a'{.^j^{h A 1m)(1l A /))/ = -Ao(1e,+2 A a"){K A Ik) 
where Aq = ±1 

It follows that (a^+iAl/^)(li5^+2Aa^^^(/iAlM)(lLA/))/ = -Ao(a^+iA 
1k)(1e,+2 a a")iK A Ik) = -Ao(c, A 1k)(1kg. A a")ia A 1^) = since a" 
induces zero homomorphism in Zp-cohomology. Then, by (9.4.30),(as+i A 

lYAM){lE,+,A{hAlM){lLAj'))f = {lE,+,A^XAM)f2 with G [S*«+«-liC, 

Es+i AX AM]. Consequently, (5^+1 A lyAM)(lB,+i A V'xam)/2 = and 
so by (9.4.30) we have (hs+i A 1xam)/2 = (1kg,+i A u'{i" A Ik))9, with 
di-cycle g G \Ti*'^~^'^~^K,KGs+i A K] and this di-cycle represents an ele- 
ment in Exf/^'*'^^'^~\H*K,H*K) ^ Zp{{hoa)"}. Then [g] = X'{hou)" = 
A'(a")*[cr A Ik] for some A' G Zp so that 

[(6,+i A 1xam)/2] = (tx'(z"AU))43] = A'(7z'(i"Ali^)),(a")*kAlK] 

= A'(u'(z" A l;^))*(a'5:.^^),((ly Az)r)4c7 A 1^] = 
Hence, (6s+iA1xam)/2 = (6s+iCsA1xam)52 for some 52 e [S^^+^'^i^, -fCG^ A 
X A M] and so /a = (c, A 1xam)52 + (a.+i A 1xam)/3 with h e 
£?s+2 A X A M] and we have 

{as+i A lyAM)(li?,+2 A (/i A 1m)(1l A /))/ 

= (Os+l A IyMvi){'^Es+2 a 1pXAM)h + (Cs A lyAM)(lii-G, A 'lpXAM)g2 

= (os+i A Ifam) (1e,+2 a V'xam)/3 + A(c5 a Ifam) (IxG, A (ly A i)r) {a A 

Ik) 

= (a^+i A lyAM)(lAV2 A V'xam)/3 

+A(as+i A lyAM)(lE,+2 A (ly A i)r){K A Ik) 
with A G Zp, where the di-cycle {Ikg^ A V'xam)52 e p*?^, KG^ A F A M] 
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represents an element A((ly A i)r)^[a A Ir] G Extj'^{H*Y A M,H*K){ 
of. Prop. 9.4.34(2)) and so it equals to X{1kGs A (Ir A i)r){a A Ik) ( 
mod di-boundary). Then we have {Ies+2 A (/i A 1m)(1l A /))/ = (l£;s+2 A 
V'xam)/3 + A(l£;^+2 A (ly A z)r)(/« A l/^-) + (c^+i A lyAJw)53 for some gs G 
XGs+i A y A M]. By composing 1e,+2 A ly A a and using(9.4.8) 
we have {1es+2 A a; A 1m) = (1b.+2 A otYhMmMii^ A 1m))/3 = (1e»+2 A 
(ly A a)ipxAM)f3 = -K'^Es+2 A (ly A m)r)(K A Ik) = A (r A 

lM)rnKa'){KAlK) = and by (9.4.7) we have /s = (l£;,+2 A(la; Aj>' A1m)/4 
with /4 € £;^+2 A L A A M]. That is we have 

(9.4.37) (li?,+2A(/iAlM)(lLAj'))/= (li?,+,AV'XAM((lxAj>'AlM))/4 
+X{1e,+2 a (ly A i)r){K A Ik) + (c<i+i A lyAM)5'3 

= (1e,+2 a ipXAMu')f5 + (1e,+2 a V'xam(1x A ij)u'{lL A mK))fA 
+A(1e,+2 a (ly A i)r){K A Ik) + (c^+i A lyAM)53 
where we use /4 = (Ib^+2 A(lLAmK)(lLAftrAj))/4 + (l£^+2 A(lLAi^ Az)(1l A 
mK))fA and write {Ie,+2 A ^lak /\j)f4 = /s- 

By composing l£;^_^2 A a'y/^ji^ on (9.4.37) and using (9.4.36) (9.4.30) we 
have -Ao(l£^+2 

A a"){K A Ik) = {Ie,+2 A ayAAf(^ ^ 1m)(1l A/))/ = A(li5^+2 A a'{.^j^{lY A 
z)r)(KAlx) = -A(1e^+2 Aa")(«;Ali^). If A 7^ Aq, then (1e,+2 Aa")(K A li^r) 
= and the Theorem follows. So, we suppose that A = Aq. 

By (9.1.8) we have uh = i ■ j" so that mM{u A 1m)(^ A 1m) = j" A 1m{ 
up to sign). Then, what happen is either mM(wAlM)(^AlM) = Ao(j" AIm) 
or ruM^u A 1m)(^ A 1m) = — Ao(/' A 1m)- Now we consider this two cases 
separately. 

Case 1 mM{u A 1m)(^ A 1m) = Mf A 1m)- 

In this case, by composing 1es+2 A mM{u f\ 1m) on (9.4.37) we have 

(9.4.38) Ao(1e,+2 a iOt'^ A Ik) = Ao(1e,+2 A/(j" A Ik))! 

= Ao(1e,+2 a {f A 1m)(1l a/))/ = (1e,+2 AmM(^I A lM)(/i A 1m)(1l A 

/))/ 

= (1e,+2 a mM{u A 1m)V'xam(1x A ij)u'{lL A mK))f4 

+Ao(1b^+2 A/)(«; a Ik) + (cs+i A lM)(li<'G,+i A mM(u /\1m))93 

= -{^e,+2 a f{j" A U)(1l a ))/4 

+Ao(l£,+2 Ai')('« A 1ft:) + {cs+i A lM)(lii-G,+i A mM(^^ A 1m))53 
and so (1e,+2 A A 1k){1l A mK))f4 = {cg+i A lM)(l;<rG^+i A mM(w A 
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1m))53, where we use mM{u A lM)V'XAAf(lx A ij)u' = muitp A 1m)(1x A 
= —{jil) A Im)^*' = —j'U" A Ia") which is obtained by (9.4.6) and the 
right rectangle of the diagram (9.4.1). Moreover, by applying the derivation 
d to the equation (9.4.37) we have 

(9.4.39) {lE,+,A{hAlM){lLAf){i" Z^'^k))!' = {lK+,A^XAMu')dif5) 
+{1es+2 a iPxam{1x A ij)u')d{{lE,+2 A 1l A mi^)/4) 

+ i'^Es+2 A ^XAMu'i^L A mK))fi - Ao(1e,+2 A (r A lM)rnK){i^ A Ik) 

+ {Cs+l A lYAM)d{g2,) 

By (9.4.32) we have i^xAMu' = {r/\lM)mK{j" /\1k) so that {juAlM)i^XAMu' = 
A Ix)- Then, by composing Ies+2 A • j'u A 1m on (9.4.39), it becomes 

(9.4.40) Ao(li?,+2 A (0 A lM)i')('« A Ik) = (1e,+2 A (0 A 1m)/(/ A 
iK))dih) 

+ (l£,+2 A (<^ A lM)ijj'{j" A lK))d((lB,+2 A U A m/f )/4) = 
here we use {Ies+2 A (0 • i^Z A 1m)V'xamw'(1l A mK))f4 = (1e,+2 A /(/' A 
1k)(1l a mK))f4 = {cs+i A 1lam)(1kg,+i A (0 A lM)TnM(w A 1m))5'3 = 
and by 1^ A ai = • j"(up to nonzero scalar) we obtain that {1es+2 A (i^ A 
1m)/(/ a lK))d{h) = {Ies+2 a (1l a j'a'))d(/5) = ( cf. Prop. 9.4.33) 
and so the first term of the right hand side of (9.4.40) is zero, the second 
term of the right hand side of (9.4.40) is zero by the same reason. 

It follows from (9.4.40) that (1e,+2 A A 1x)(k A Ik) = (l^.+a A (1l A 
//(i'i A l_ft:))(0 A l_ft:)(K A l_ft:)(j/ A Ik)i^ = and so we have {Ie^+2 Aa")(K A 
Ik) = (1e„+2 a A(^ a Ik)){i^ a Ik) = and the Theorem follows. 

Case 2 mM{u A 1m)(^ A 1m) = -Ao(i" A 1m)- 

In this case, the left hand side of (9.4.38) changes sign, then — (1e^_,_2 A 
i'(/Ali^)(lLAmii-))/4+(cs+iAlM)(li^G,,+iAmM(nAlA^))ff3 = -2\o{1e,+2^ 
j'){n A Ik) and by composing 1es+2 A • A 1m on (9.4.39) we have 
(Ao - 2\o){Ie^+2 a (</> a lM)j')('^ A Ik) 

= Ao(l£;,+2A(</.AlM)/)(KAlA')-(li?3+2A(</'AlM)/(/Ali^)(lLAmi^))/4 

= (lE3+2A(0AlM)/(/Ali,))d(/5) 

+(1b,+2 a (<^ a lM)ijj'ij" A lK))d{{lE,+, A 1l A mK)f4) = 
so that the Theorem follows by the same reason. Q.E.D. 

§5. A sequence of h^a new families in the stable homotopy groups of 

spheres 
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In this section, the eonvergenee of a sequence of hoa and hoa' new 
famihes wiU be derived by the main Theorem A in §2 and the main Theorem 
C in §4, where a and a' is a pair of ao-related elements. 

Theorem 9.5.1 Let p > 7,n > 2, then 

hoK G Ext^'+^Zp, Zp), hobn-i G ExtY'^'iZp, Zp) 
are permanent cycles in the ASS and they converge in the ASS to homotopy 
elements of order p in TTpnqj^q_2S, 7Tpng^g_^S respectively. 

Proof : By [12] Theorem 1.2.14 we have d2{hn) = ao^n-i G Ext^^"^^^ 
{Zp,Zp),n > 1, where ^2 : Ext^/"'^{Zp, Zp) Ext^/"'^^^{Zp, Zp) is a sec- 
ondary differential in the ASS. That is, hn and ftn-i is a pair of ao-rclatcd ele- 
ments so that the main Theorem A can apply to (u, o') = {hn, fen-i), (s, tq) = 
{l^p^q). We only need to check the supposition (I) (II) (III) in the main The- 
orem A hold. By knowledge on the Zp-base of Ext^J^ {Zp, Zp) for {s < 3) 
we know that the the supposition (I) (II) of the main Theorem A hold for 
{a, a') = {hn, bji-i), {s, tq) = {l,p"'q). On the other hand, from some results 
on Extf{Zp,Zp) in [17] we know that the following hold. 

Ext^/"^+^i+\Zp,Zp) = 0{r = 1,3,4), 
Extf"'^+''^{Zp,Zp) = 0{r = 2,3), 
Exf^f^+^^+\Z^,Zp) - Z^{a2bn-i], 
Ext''/""+\Zp,Zp) ^ Zp{albn-i},Extf"''+HZp,Zp) = 0. 
That is, the supposition )III) of the main Theorem A hold for {a, a') = 
{hn,bn-i), {s,tq) = {l,p'^q). Then, by the main Theorem A we obtain that 
hobn-l G ExtlP"''+''{Zp,Zp), u{hohn) G ExtY"^" 

{H*M, Zp) are permanent cycles in the ASS. By Remark 9.2.35, the main 
Theorem A also obtains that {1l A i)^(t)*{hn) G Ext'^f"'^^'^'^{H*L,Zp) is a 
permanent cycle in the ASS so that the main Theorem C can apply to obtain 
the result of the Theorem, this is because by knowledge on the ^p-base of 
Ext^^ {Zp, Zp) for s = 1,2,3 we can easy to see that the supposition (I) of 
the main Theorem C hold for {a,a',s,tq) = (/i„,6„_i, l,p^q). Q.E.D. 

Now we apply the main Theorem A and the main Theorem C to 
{a, a') = {hnhrn,hnbm-i - hmbn-i) , {s , tq) = {2,p"-q + p"^q) to obtain an- 
other sequence of h^a families in the stable homotopy groups of spheres. 
For checking the supposition (I) (II) (III) of the main Theorem A, we first 
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prove the following Proposition. 

Proposition 9.5.2 Let p > 7,n > m + 2 > A,tq = p^q + p"^q, then 

(1) £;a;t^*^+'^^+"(Zp, Zp) = for r = 2, 3, 4, u = -1, or r = 3, 4, ii = 1, 

Ext'^/'^^''{Zp, Zp) = Zp{hohnbrn-l, hohmbn-l}, 

l&m-l}, 

Ext^ {Zp,Zp) = Zp{aohnbm-i, aohmbn-i} 

(2) Ext^/'^'^''''+\Zp, Zp) = for r = 1, 3, 4, 

Ext^/'^^''''{Zp, Zp) = for r = 2, 3, 
Ext^/'^^'^'^^^{Zp,Zp) ^ Zp{a2hnbm-l,a2hmbn-l}, 
Ext^ '^^ {Zp, Zp) = Zp^a^hnbrn-l, O-o^m^n-l}; 

Ext^^'^^^ {Zp, Zp) = Zp{aobn-^ibm-i} , 
albn-ihn-i + e Ext''l''^^{Zp, Zp) 

Proof : By Theorem 5.5.3, there is a May spectral sequence (MSS) 
{Ep^'* ,dr) which converges to Ext^J^{Zp, Zp) and whose £'i-term is 

El'*'* = E{hij \i>0,j >0)(g> P{bij I i > 0, j > 0) (8) P{ai \i>0), 

where E denotes the exterior algebra and P denotes a polynomial algebra, 

h a Fl.2(p'-l)pi,2i-l , 
5 'H,j t -'-'I 1 "ij t 

^2,2(p»-i)p^+i,p(2i-i)^^, G £;i'V-i,2i+i_ Consider the following second de- 
grees (mod p"^q) of the generators in the El'*'*-teiiri, where < i < n,n > 
m + 2 > 4 

I hs^i 1= + • • • + p^)q (mod p"'q), 0<i<s + i — l<n 

= (j)""^ + • • • (modp^g), 0<i<s + i — 1 = ?7,, 

I bs^i-i 1= {p^'^^^^ -I + p'')q (mod p"'q), l<i<s + i — l<n, 

_ (j/i-i _| 1_ p^■jq (mod p^q), l<i<s + i — l = n. 

I ttj+i \= {p' -\ h l)g + 1 (mod p'^g ), l<i <n 

I ttj+i 1= {p^~^ + • • • + l)q + 1 (mod p^q ), i = n. 
For degree A; = + + u such that 0<r<4, — l<u<2we have 
k = p^q + rq + u (mod p^q ). Then, for 3 < it; < 5, j^as 
no such generators which have one of the above elements as a factor, this is 
because such a generator will have second degree (c„p"^^ + - • • + cip+CQ)q + d 
(mod ^""5 ), where q ^ 0(1 <i<m— 1 or m<i<n), 0<q<p, ^ = 
0, • • • , n, < d < 5. In addition, the second degree | bi^i-i |= p^q (mod p"(i')( 
1 < ? < n),| 1= p'qf (mod p^q){ < z < n). Then , exclude the above 
factor and the factor which has second degree > + pq, we know that the 
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only possibility of the factor of the generators in ^^^g ai,ao, hi^ 

) ^l.nj^l.m, &l,n-l, ^l,m-l • 

Then, by degree reasons we have 

^4,tq+rq+l,* ^ q f^^. ^ ^ 3^ 4^ ^4,tq+rq+u,* = Q for r = 2, 3, 4, « = -1, 
^4,tg,* _ Zp{bi^n^ibi^m-l}: ^ ^p{ao/ll,n^'l,m-l) «0^1,m&l,n-l}5 

^^,tq+2,* _ Zp{aQhi^nhl,m}, 

j^4,tq+2q+l,* _ Zp{hi Qaihi nhi^m}, 

^^,tq+q,* _ Zp{hi^ohijibijn-l, hi^ohijnblji-l}, 

j^3,tq+l,* _ Zp{aQhi^nhl,m}, E\'^'^'* = ^p{/ll,n^l,m-l! ^l,m^l,n-l}) 
^3,*,+,,* ^ Zp{hiflhl,nhl,„.}, i?3,t,+2,+l,* ^ Q 

Note that the differentials in the MSS is derivative, that is, dr{xy) = dr{x)y+ 
{-lyxdriy) for X G El'*'*,y € E^'*'*. In addition, ,ao, /ii,n, &i,n-i, ^i,oOi 
are permanent cycles in the MSS which converge to oq, hn, bn-i,a2 G Ext*^* 
{Zp, Zp) respectively. 

Then, the differential drE^'^i+^i+'''* = for all r > 1 and s = -u = or 

S = 1, M = or S = 0, M = 1 or S = 2, M = 1 so that 6l,n-l&l,m.-l5 «0^1,n^l,m-l) 

hifihi^nbi,m-i, hiflhi^mbi,n-i G -E^'*'* are not d^-boundary in 
the MSS and so bn-ibm-i, aohnbm^i, aohmbn-i, hohnbm-i, 
hohjnbn-i are all nontrivial in Ext'^*{Zp, Zp). This shows (1). 
Similarly, by degree reasons we have 

^5,tq+q+l,* ^ Zp{aohifihi^nbl,m-l,(lohifihi^rnbl,n-l,(llbl,n-lbl,m-l} 
^5,tq+rq+l,* ^ q f^^. ^ ^ 3^ 4^ ^5,tq+rq,* = Q for r = 2, 3 
^,,tq+zq+,,* ^ Zp{hl,oaihl 

,n^l,m— 1 ) 

^5,ti}+l,* _ ^4,tq+2ij+l,* ^ Zp{hifiaihi^nhl,m} 

^5,tg+2,* _ Zp{a!Qhi^rnbl,n-l,aQhi^nbl,n-l} 

All the generators of E'j''*'^''''^^^'* dy in the MSS, this is because ao^'i,o^i,n^i,m-i 
= — (ii(ai/ii,„6i,m_i), ao^i,o^i,m^i,n-i = — di(ai/ii,mfei,n-i) and 

di(ai6i,„_i6i,m-i) = -ao/ii,o^i,n-i^i,m-i 7^ G £;5'*9+<z+i,* 
Then, Ext^*'^'^'^'^^ {Zp, Zp) = 0. In addition, similar to that given in (1) we 
have, drEf'*i+'''* = 0, dr£;^,tq+2q+i,* = for all r > 1, = 1,2 . Then, the 
generators in E^'*'* converge in the MSS to a2hnbm-i, Ci2hmbn-i, ciobn-ibm-i, 
O'ohmbn-i,aohnbm-i respectively. For the last result, note that drE^'^'i'^^'* 
= for all r > 1 , then ag6„_i6^_i ^0 E Ext'^/'^^'^{Zp, Zp). This shows 
(2). Q.E.D. 
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Theorem 9.5.3 Let p>7,n>m + 2>4, then 

ho{hnbm-i - hmbn-i) G Ext'^/ '^'^'^ {Zp, Zp) 
are permanent cycles in the ASS and they converge to homotopy elements 
of order p in 'Kpnq^pmq^q_^S and '!Tpnqj^pTnqj^q_^S respectively. 

Proof : By [12]p.ll Theorem 1.2.14, there is a nontrivial secondary dif- 
ferential d2{hn) = aQbn-i{n > 1 ) and it follows that d2(^n^m) = di{hn)hjn+ 
{-1)^+P"lhnd2{hm) = aohrabn-i - aoKbm~i- That is, {hnhm,hmbn-i - 
hnbm-i) is a pair of ag-rclated elements. By applying the main Theorem 
A to {a, a') = {hnhm,hjnbn-i - hnbm-i),is,tq) = (2,p"g + p'^q) we have 
ho{hmbn-i - hub m—l ) 

e Extf"''+^"'''+''{Zp,Zp) and u{hoKhm) G ExtY^^^^^^^^Zp, Zp) are 
permanent cycles in the ASS, this is because by knowledge of Zp-base of 
ExtWZp, 

Zp) for s < 3 we know that the supposition (I) (II) (III) of the main The- 
orem A hold. By Remark 9.2.35, the main Theorem A also obtains that 
(1l a ?')*(/>*( /in /im) € Ext^J^ '^^^ '^^'^'^{H* L, Zp) is a permanent cycle in the 
ASS so that by the main Theorem C , the result of the Theorem follows. 
This is because the supposition (I) of the main Theorem C hold by the 
knowledge of the Zp-base of Exfj^{Zp, Zp) for s = 1, 2, 3. Q.E.D. 

From Theorem 9.5.1 and Theorem 9.5.3 , we obtain four families of /iqc 
new families. In fact, there are many pairs of ag-related elements so that we 
can expect to obtain some other sequence of hoa new families in the stable 
homotopy groups of speheres. We have the following conjectures. 

Conjecture 9.5.4 Let p > 7, n > 3, then there is a secondary dif- 
ferential d2{gn) = oo^n € Ext\^ '^'^'^^ '^'^^{Zp, Zp),n > 3 (up to nonzero 
scalar) and 

ho9neExtY^'''^'''"''^'{Zp,Zp) 

holneExtY^''^+''"'^\Zp,Zp) 

are permanent cycles in the ASS and they converge to homotopy elements 
of order p in T^pn+iq-^-2p"q+q-3S and T^pn+iq+2p"q+q-AS respectively, where 
gn € Extj^ ^ '^{Zp, Zp),ln G Ext^ ^ '^{Zp, Zp). 

Conjecture 9.5.5 Let p > 7,n > 3, then there is a secondary dif- 
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fcrcntial d2{kn) = uqI'j^ G Ext^^^ ^"'"^ '^~^^{Zp, Zp) ( up to nonzero scalar), 
n > 3 and 

hol'r,eExtf^''^''^-'^'''^-'%Zp,Zp) 

are permanent cycles in the ASS and they converge to homotopy elemen- 

tws of order p in T^2p''+'^+p'nq+q-3'S and TT2pri+iq+pnq+q-4,S , where kn £ 
Ext^ ^ '^{^Zp, Zp^^V^ G Extj^ ^ '^{^Zp, Zp). 

Remark 9.5.6 By [10] [25], there is Thorn map $ : Ext%*p^Bp{BP^, BP^) 
— > Exf^{Zp, Zp){ s = 2, 3) such that /j,n-i_i) = h^hn-, ^{Ppn-i /pn-i) = 

bn~ll ^{Ppm-l Ipm-l_lf3pn-l Ipn-l — PpU-l ^pU-l _l/3pm-l ^pm-l) = /io(/lm^n-l 

— hnbm-i), <I>(7pn-2/pn-2_pm-i pm-i_i) = kohnhm- Then, the hohn,hobn-i, 
ho{hmbn-i^hnb„i-i) , hohnhni'ioaap obtained by Theorem 9.5.1 and Theorem 
9.5.3 arc represented by /3pn-i /pn-i_i + other terms G Ext^^p^j^p{BP^, BP^), 

+ other terms G Ext'pp^pp{BP^,^BP^:), (5pm-i /pm-i_i/3pn-i /p^-i — 
f5pn-i ipn-i_i ■ Ppm-1 fpfn-i + other terms G Ext'p^pjp'p '^'^'^{BP^, BP^), 
lpn-2/pn-2_p,-n-i,pm-i_i + othcr tcrms G Ext^^p^^p '^'^'^{BP^jBP^:) respec- 
tively in the Adams-Novikov spectral sequence. 



§6. A sequence of hoa^s, do'^ls new families in the stable homotopy 

groups of spheres 

In this section, we use the main Theorem B to obtain i'^i*{gohn), 
i'j*i9obn-i),i'*i*{gohnhm),i'*i*{9o{hnbm-i - bmbn-i)) et al converge to the 
corresponding nontrivial homotopy elements in the homotopy groups of 
Smith- Toda spectrum V{1). In base of these results, we obtain a sequence 
of goa'js, hoa'js new families in the stable homotopy groups of spheres. 

Theorem 9.6.1 Let p > 5, n > 2, then 

i'MgoK) e Ext'/"^+^'^''iH*K.Zp) 
i'Maobn-i) G Extf"''+^'''+"^iH*K,Zp) 
are permanent cycles in the ASS and they converge to the corresponding 
homotopy clement in TTpnq^pq^2q-3K, 7rpnq+pg+2g-4-f^ respectively. 

Proof : We first apply the main Theorem B to (a, s,tq) = (hn, l,p^q). 
By Theorem 9.5.1, the supposition (II) of the main Theorem B holds. More- 
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over, by knowledge on the Zp-hase of Ext^jl* {Zp, Zp) for s = 1, 2, 3 we know 
that the supposition (I) of the main Theorem B holds, then the first result 
of the Theorem follows by the main Theorem B. 

For the second result, we apply the main Theorem B to {a,s,tq) = 
2,p"'g). Similarly by Theorem 9.5.1, the supposition (II) of the main 
Theorem B holds. Noreover, by knowledge on the ^p-base of Ext^J^*{Zp, Zp) 
for s = 2, 3 and some result in [17] on Ext'^J^ {Zp, Zp) we know that the 
supposition (I) of the main Theorem B holds. Then , the second result also 
follows by the main Theorem B. Q.E.D. 

alternative Proof : It is known from the proof of Theorem 9.5.1 
that the supposition (I) (II) (III) if the main Theorem A hold for (cr, a') = 
{hn,bn-i),{s,tq) = {l,p"'q). Then , applying the main Theorem B' in §3 
to {o;o-') = {hn,bn-i),{s,tq) = (l,p"g) we obtain the two results of the 
Theorem. Q.E.D. 

Theorem 9.6.2 Let p > 7, n > m + 2 > 4, then 

i'MgoKhm) e Ext'/'''^+^"'''+P'^+'\H*K,Zp) 

i'M90{hnbm-l - hmbn-l)) £ ExtY'''''"^''^'"''^\H* K, Zp) 

are permanent cycles in the ASS and they converge to nontrivial homotopy 
elements in ■Kp-^q+p"^q+pq+2q-iK, TTpriq+pmq+pq+2q-bK respectively. 

Proof : We first apply the main Theorem B to (u, s, tq) = (hnhm, 2, p^q^ 
p^q). By Theorem 9.5.3, the supposition (II) of the main Theorem B holds. 
By knowledge on the Zp-hase of Ext^^{Zp, Zp) for s = 2, 3 and some result in 
[17] on Ext'^*{Zp, Zp) we know that the supposition (I) of the main Theorem 
B also holds. Then the first result follows by the main Theorem B. Moreover, 
we apply the main Theorem B to (cr, s, tq) = {hnbm-i—hmbn-i,^,P^Q+P^Q)- 
Similarly by Theorem 9.5.3, the supposition (II) of the main Theorem B 
holds. By knowledge on the Zp-base of Exf^* {Zp, Zp) for s = 3,4 and the 
result on Ext^/' ^^^^ '^^'^'^^'^{Zp, Zp) = Zp{a2hnb.m-i,a2hmbn~i} in Prop. 
9.5.2 we know that the supposition (I) of the main Theorem B holds. Then, 
the second result follows immediately by the main Theorem B. Q.E.D. 

alternative Proof : It is known from the proof of Theorem 9.5.2 
that the supposition (I) (II) (III) of the main Theorem A hold for {a, a') = 
{hnhm,hnbm-i - hmbn-l) , {s , tq) = (2,p"g + p"*g). Then by applying the 
main Theorem B' in §3 to {(7,(t') = {hnhm,hnbm-i — hmbn-i), {s,tq) = 
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(2,p"g' + p"^q), wc obtain the two result of the Theorem. Q.E.D. 

Using the notation in the cofibration (6.2.7)-(6.2.10), we know that 

converges to the following third periodicity element in the ASS 

where 3 < s < p and 1 G Ext^J^{Zp, Zp). Now we consider the products 
5oC7s) h^ajs, in Ext*J^ {Zp, Zp) and we will prove that they converge to the 
corresponding homotopy element of order p in the stable homotopy groups 
of spheres, where a = hn, bn-i, hnh 

Theorem 9.6.3 Let p > 7, n > 3, 3 < ,s < p, then the products 

g,hn^, ^ G i?xt^+=''^"^+^P'^+^P^+^^+^-3(Zp, Zp) 

gobn.i% / G ExC^'P'''^+'P'^^^P^^^^^^-\Zp,Zp) 
are permanent cycles in the ASS and they converge to the corresponding 
homotopy elements of order p in the stable homotopy groups of spheres. 

Proof: By Theorem 9.6.1, there is a nontrivial / G Trpnq^pqj^2q-3K such 
that it is represented by i'j*{gohn) G Ext^/"'''^^'''^^''{H*K, Zp) in the ASS. 
Let / = ^1^2^37*^3/ be the following composition {tq = p'^q + pq + 2q — 3) 
f : s*'/^ _^ v{l) V{2) J]-<p^<i+p<i+q)v{2) 

ilhh Y^-s(p'^+p+l)q+(p+2)q+q+3 g 

Since / is represented by {i2)*{h)*{9oK) G Ext^/"'^^^''^'^'^{H*K, Zp) in the 
ASS, then the above / is represented by 

c={jij2j3)*{7*ni3i2iM9ohn) G Ex^^^'^'^^'^'^^^'^'^'-'-^Zp, Zp) 

By knowledge of Yoneda products we know that the above element c is just 
the products gohn% G Exf^^'^"'''^'^^^'^'^^^''^'"\Zp, Zp). Then, to obtain 
the first result, it suffices to prove the product gohnjs is nonzero in the Ext 
group and it is not a d^-boundary in the ASS, that is, we still need to prove 
Exf^^~'''^"'^^'^^^^^^^'^'^^'^^~''{Zp,Zp) is zero for r > 2. We may prove this 
two facts by an argument in the May spectral scqiicnce. By degree reasons, 
hni90ils is represented by hi^n, ^2,o^i,0) ^2,1^1,2^3,003 € ^*'*)* ^j^g MSS 
respectively. Then, the products gohn^Js is represented by 

'^I,n'i2,0'il,0'i2,l'il, 2/13,003 G tj^ 

in the MSS and so we can do some computation in the degree to prove 

^s+2,p"q+s(p2+p+l)g+s_3,* ^ Q ^s+3_r,p"g+s(p2+p+l)q+s-2-r-,* ^ ^ ^-^ 
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so that the first result foUows. We leave this computation to the reader. 
The proof and computation for the second result is similar. Q.E.D. 

By using Theorem 9.6.2, Theorem 9.5.1 and Theorem 9.5.3, similar 
to that given in the proof of Theorem 9.6.3, we can obtain the following 
Theorem 9.6.4-9.6.6. 

Theorem 9.6.4 Let p>7, n>m + 2>5,3<s<p, then 

are permanent cycles in the ASS and they converge to the corresponding 
homotopy elements of order p in the stable homotopy groups of spheres. 

Theorem 9.6.5 Let p > 7, n > 3, 3 < s < ^i, then the products 

are permanent cycles in the ASS and they converge to the corresponding 
elements of order p in the stable homotopy groups of spheres. 

Theorem 9.6.6 Let p > 7, n > m + 2 > 5, 3 < s < p, then the 
products 

are permanent cycles in the ASS and they converge to the corresponding 
homotopy elements of order p in the stable homotopy groups of spheres. 

Remark 9.6.7 The new families obtained in Theorem 9.6.5 and The- 
orem 9.6.6 

are the composition products of /lo/in-elcment , /io6n-i-element in Theo- 
rem 9.5.1, /io^n^m-element,/io(/in&m-i — hmbn-i)- element in Theorem 9.5.3 
and 7s = hj2hl^hi2ii e sp\Hs-'^)pqHs-2)q-zS ■ However, the new fami- 
lies obtained in Theorem 9.6.3 and Theorem 9.6.4 are indecomposable ele- 
ments in the stable homotopy groups of spheres, that is, they are not com- 
positions of some other elements of lower degrees in the stable homotopy 
groups of spheres. This is because qq G Ext'^/"^^'^'^{Zp, Zp) dies in the ASS, 
that is, it support a nontrivial differential in the Adams spectral sequence 
• d2{go) = boa2 (up to nonzero scalar) G Ext^^'^'^'^'^'^^ {Zp, Zp) which can be 
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easily proved as follows. Since 52, 60 converge in the ASS to 02 = ja^i, Pi = 
jj'Pi'i € 7r*S',then the composition products of Pia2 € 7rpq^2g-3S must be 
represented by 6002 € Ext'^/"'^'^''^^{Zp, Zp) in the ASS. However, it is eas- 
ily seen that ^102 = jj'/3i'ija^i = and 6002 7^ G Ext^/''^'^''^'^{Zp, Zp), 
then 60^2 must be a dr-boundary. By degree reason, the only possibility is 
60^2 = d2{go){vLp to nonzero scalar). 

Conjecture 9.6.8 By the conjecture 9.5.4-9.5.5, we can conjecture 
that, for p > 7, n > 3, 3 < s < the products hognls, holnls, go9nls, goLl's, 
hoknjsj hol'^'js, goknjsj gol'-nHs are permanent cycles in the ASS and they con- 
verge to the corresponding homotopy elements of order p in the stable homo- 

topy groups of spheres. In addition, all results or conjectures in this section 
also hold when we replace the products with 74. to be the products with 
/?s(2 < s < p). That is, we can obtain a sequence of /ioi7/3s, /?s-elements, 
where ^ = ijij2)MhiMl) G Exf/'"'+^'-^^''-^'-\Zp, Zp),2 < s < p. 

§7. Third periodicity families in the stable homotopy groups of 

spheres 

In this section, we will first prove the convergence of /in-elements in 
the homotopy groups of Smith-Toda spectrum V{1) and in base of this we 
obtain the convergence of third periodicity 7^1/5 families (1 < s < — 1) 
in the Adams-Novikov spectral sequence. 

Theorem 9.7.1 ([9] Theorem II) Let p > 5,n > 0, 

be the element represented by [t^ ] in the cobar complex. Then this hn is a 
permanent cycle in the Adams-Novikov spectral sequence and it converges 
to a nontrivial homotopy element in Trpng_iK. 

The proof of the above /i„-Theorem will be the main content of this 
section. By Theorem 8.1.6(b)(ii), there is a relation 
(9.7.2) K = C2(p"-^) + vf~\n-2 e Ext]fpfpp{BP^BP^K) 
By [10].p.502 Cor. 7.8, the image of ?;|c2(p"~^)(p''~2 > s > 1) under the 
boundary homomorphism (or connecting homomorphism) 

ji : Ext]^*p^Bp{BP,,BP,K) ^ Ext'j^*p^ppiBP„ BP,M) 
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and 

: Ext%^^p{BP^,BPM) Ext%*p^Bp{BP„BP,) 

is just the third periodicity family 7pn-2/pn-2_s / € Ext'p*p^pp{BP^:, 
BP^). Then, by Theorem 9.7.1, the relation (9.7.2) and Theorem 7.3.2, we 
can obtain the following convergence Theorem of third periodicity families 
in the stable homotopy groups of spheres immediately. 

Theorem 9.7.3 ([9] Theorem I) Let p > 5, n > 1 and 1 < s < - 1, 
then the following third periodicity family 

7pn/^ G Extp^*p^j^p{BP^,BP^) 
is a permanent cycle in tha ASS and it converge to an element of order p in 
7r*S' which has degree p^'^'^q + {p^ — s){p + l)q — q — 3. 

To prove Theorem 9.7.1, we first prove the following weaker Theorem. 

Theorem 9.7.4 ([9] Theorem 4.1) Let p > 5, n > 0, K G Extlf^^iZp, 
Zp) be the element represented by in the cobar complex, then i'^i^,{hn) £ 
Ext]f '^{H*K, Zp) is a permanent cycle in the ASS and it converge to a 
nontrivial homotopy element in iTpng^iK. 

The proof of Theorem 9.7.4 will be the main content of the rest of this 
section. The proof need some prcminilaries on low dimensional Ext groups 
and an argument processing in the Adams resolution of some spectra related 
to S. We first prove some results on Ext groups. 

Theorem 9.7.5 Let p > 3,n > 2, , then 

(1) Ext'/"'''^''{H*K, Zp) = for s = 2, 3, r = 1, 2, 
Exf/"''^^{H*K, H*M) = 0, 
ExtY'^'^{H*K,H*K) - Zp{(/io6„-i)'}. 

(2) £;.xt7^'^"«+^+^"^(/7*y, Zp) = for s = 1,2,3. 

(3) Ext]f"'^{H*K,H*Y) = 0, 

where Y is the spectrum in the cofibration (9.1.4). 

Proof : (1) Consider the following exact sequence (s = 1, 2, 3, r = 1, 2) 
Exf/"''+''{Zp,Zp) h Exff''+'{H*M,Zp) h Exff''^'-\Zp,Zp) ^ 
induced by (9.1.1). By knowledge of Zp-base of Ext^J^* {Zp, Zp) for s = 1, 2, 3 
we know that the right group is zero except for (s, r) = (1, 1), (2, 1), (2, 2), (3, 2) 
it has unique generator hn,bn-i,aohn,aobn-i- However ,p*(/i„) = aohn 7^ 
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0, p*(6n_i) = aobn-1 / 0,p^{aohn) = alhn / 0,p*(ao6„_i) = flo^n-i / 0, 
then the above is monic and so im j^, = 0. In addition, the left group 
is zero except for (s, r) = (2, 1), (3, 1), (3, 2) it has unique generator a^hn = 
P*(,hn),aobn-i = p*{bn-i) , ciohn = p*{aohn) respectively. Then we have im 
i^ = and obtain that Exff"'^^''{H*M, Zp) = for s = 1, 2, 3, r = 1, 2. 

Look at the following exact sequence (s = 2, 3, r = 1, 2) 

= Exff''''\H*M, Zp) ^ Exf/"''+'{H*K, Zp) 
^ Exf/"''-''+'-\H*M, Zp) 
induced by (9.1.2). The left group is zero as shown above. The right group 
also is zero, this is because Ext^^ '^'^^ ^{Zp,Zp) = for s = 2,3,r = 

1, 2, 3(cf. Chap. 5). Then, the middle group is zero for s = 2, 3, r = 1,2 and 
so Exf/"''^^{H*K,H*M) = (s = 2,3). 

For the last result, consider the following exact sequence 
ExtY''^'"'^\H*K,H*M) ^ ExtY''^^{H*K,H*K) 

^ ExtY''^HH*K, H*M) ^ 
induced by (9.1.2). The left group is zero by Prop. 9.3.2(1) and the right 
group has unique generator ^^al A lM)*{bn-i)) (cf- Prop. 9.3.1) such that 
a*(i')*(ai A lM)*(&n-i) = 0. Then, the middle group has unique generator 
{hobn-lY such that {i')*{hobn-iy = i'Ml A lM)(6n-l)- Q-E.D. 

(2) The result is obvious for s = 1. For s = 2, 3, consider the following 
exact sequence 

^^Ik Exf^''''"''+''+'-'^{H*K,Zp) ^ Ext'^''P"''+''^'-'''{H*Y,Zp) 

^ ExtY'^'^'^HZp, Zp) 
induced by (9.1.4). The left group is zero for s = 2, this is because 
Ext^^{Zp, Zp) = for t = —1, —2 (mod q). The left group has unique gener- 
tor {i'i)*{hohn) for s = 3 so that im r* = 0. The right group is zero for s = 2 
and has unique generator hobn-i for s = 3 which satisfies (z'i)*(/io&n-i) 7^ 0, 
then im e* = and so the middle group is zero for s = 1, 2, 3. 

(3) Observe the following exact sequence 

= ExtY%H*K, Zp) ^ ExtY\H*K, H*Y) 

^ ExtY\H*K,H*K) 
induced by (9.1.4). The left group clearly is zero and the right group 
has unique generator (/in)' (cf. Prop. 9.3.6) which satisfies (i'i)*(/i„)' = 
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{i'i)*{hn) / G Ext]l^ '^{H*K, Zp) , then the middle group is zero as de- 
sired. Q.E.D. 

Prop. 9.7.6 Let p > 3, n > 2, then 

(1) Exf^/"'^{Z.f„H*M) = 0, Ext^/"'^^\Zp,H*M) = 0. 

(2) ExtY'\Zp,H*K) = , Ext^/"'^^\Zp,H*K) = 0. 

(3) H*K) = for n = 0, 1 , 
ExtY'^^\Zp,H*K) = 0. 

Proof: (1) Consider the following exact sequences 

ExtY'^HZp, Zp) C ExtY\Zp, H*M) ^ ExtY'iZp, Zp) C 

ExtY'''\Zp,Zp) ^ ExtY'^\Zp,H*M) ^ ExtY''^\Zp,Zp) ^ 

induced by (9.1.1). The upper left group has unique generator aohn which 
satisfies j*{aohn) = j*P*{hn) = and the upper right group has unique gen- 
erator satisfying = oo&n-i 7^ S Ext^ {Zp, Zp) (cf. The- 

orem 5.4.1), then we have Ext^^ '^{Zp, H*M) = 0. The lower left group has 
unique generator Oghn satisfying j*(ao^n) = j*P* (oo^n) = and the lower 
right group has unique generator aobn-i such that p*{aobn-i) = Ogbn-i 
G ExtY'^'^^{Zp,Zp) (cf. Prop. 9.5.2(2)) , then ExtY''^\Zp,H*M) = 
0. 

(2) Consider the following exact sequences 

= ExtY''^''^\Zp,H*M) ^ ExtY\Zp,H*K) 

^^ExtY\Zp,H*M) = Q 

= ExtY''^''^\Zp,H*M) ^ ExtY''^\Zp,H*K) 

^^ExtY''^\Zp,H*M)=0 
induced by (9.1.2). Both two right groups are zero by (1) and both two left 
groups are also zero , this is because Ext^^ '^^'^^^ {Zp, Zp) = for r = 1,2 
(cf. Chapter 5) and ExtY'^^'^^'' (Zp, Zp) = for r = 2,3 (cf. Theorem 
5.4.1), then the result follows. 

(3) Consider the following exact sequence 

^ ExtY''^^''iZp,H*M) ^ ExtY''^'''\Zp,H*K) 
^ ExtY'^''~\Zp,H*M) ^ 
induced by (9.1.2). The left group is zero, this is because ExtY'^'^'^'^^^'iZp, Zp) 
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= for r = 0, 1 (cf. Chapter 5). The right group has unique generator 
j*{hohn) since Ext^/"''^'^'\Zp, Zp) = and Ext^/"'^^''{Zp, Zp) ^ Zp{hohn}. 
In addition, we claim that a*f{hohn) = ^■j*{a2hn) ^Oe Ext^/"'^^'^'^{Zp, 
H*M) . To prove this, it suffices to prove a*j*{ho) = y*{a2) e Ext^^iZp, 
H*M). Since i*a*j*{ho) = al{ho) = = 0, thena*j*{ho) = Xj*{a2) for 
some scalar X E Zp. Since both sides of the equation detect the correspond- 
ing homotopy elements, then the relation aija = \a2j implies A = ^. This 
shows the above claim and so the above a* is monic, im (i')* = and we 
have Exi?^ '^^'^~^{Zp, H*K) = 0. The proof of the case for u = is similar. 

For the second result, consider the following exact sequence 

ExtY'''''"'^\Zp,H*M) Extf""+\Zp,H*K) 
^ ExtY''^\Zp,H*M) ^ 
induced by (9.1.2). The left group has unique generator j*Q;*a*(/in) = 
j^a^a*{hn), this is because ExtY'^'^'^'^^^{Zp, Zp) has unique generator 02^71 
= j*a^a^u{hn) = i*j*a*a*(hn) and Ext^^ ^"^^^"'"^(Zp, Zp) = (cf. Theorem 
5.4.1), then im (j')* = 0. The right group has unique generator j*Q;*(6n-i) 
since Ext'^ '^'^'^{Zp, Zp) has unique generator hobn-i = j*a*i*{bn-i) = 
j^aj*{bn-i) and Ext^'^'^'^^'^iZp, Zp) = (cf. Theorem 5.4.1). In addi- 
tion, a*j;a* • (bn-i) = j;a*a*(6„_i) ^ G Ext^^""^^''^^ (Zp, H* M), this 
is because i*j^a^a^ • (6n-i) = "2^rt-i 7^ (cf. Prop. 9.5.2(2)). Then the 
above a* is monic, im (i')* = and so the middle group is zero as desired. 
Q.E.D. 

Proposition 9.7.7 Let p > 3, n > 2, then 

(1) Ext'^/"'^{Zp, H*X) = 0, Ext\P"'^+\Zp, H*X) = 0. 

(2) ExtY'^^H^X, H*K) ^ Zp{w,{hobn-iy}. 

(3) ExtY'^'^^H^X, Zp) - ZpiniK)}, 

where X is the spectrum in the cofibration (9.3.7) , r : S^^^S" ^ X is a 
map satisfying ut = i'i : S ^ K which is obtained by a"i'i = and (9.3.7). 
Proof : (1) Consider the following exact sequences 
= ExtY''^'~HZp,H*K) ^ ExtYHZp,H*X) 

^ExtY\Zp,H*K)=Q 
= ExtY^^^Zp.H^K) ^ ExtY''+\Zp,H*X) 
^ExtY''^\Zp,H*K)=0 
induced by (9.3.7). By Prop. 9.7.6(2)(3), Both sides four groups are zero so 
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that the result follows. 

(2) We first claim that ExtY'^^\H*K, H*K) = 0( s = 2, 3), then the 
result follows by the following exact sequence 

ExtY''^''{H*K,H*K) ^ ExtY''^\H*X,H*K) 
ExtY'^'^^{H*K,H*K) = 
induced by (9.3.7), where the left group has unique generator (^o^n-i)'(cf. 
Prop. 9.7.5(1)). To prove the above claim, consider the following exact 
sequence 

^ ExtY''^''^'\H*K,H*M) ^ Exff''^\H*K,H*K) 

^ ExtY"''^\H*K,H*M) ^ 
induced by (9.1.2)^ The right group is zero for s = 2, 3 (cf. Prop. 9.7.5(1)) 
and the left group is zero by Prop. 9.3.2(2). This shows the above claim. 

(3) Since a"i'i = 0, then, by (9.3.7), there is r € nq-iX such that 
UT = i'i : S ^ K. Consider the following exact sequence 

= ExtY^^^'^iH^K, Zp) ^ ExtY^^^'^H^X, Zp) 

^ExtY\H*K,Zp) ^ 
induced by (9.3.7). The left group is zero since Ext]^{Zp,Zp) = for f = 
—1,-2 (mod q). The right group has unique generator {i'i)*{hn) which 
satisfies a"{i'i)^,{hn) = 0, then the middle group has unique generator T*{hn) 
such that u^T^{hn) = {i'i)*{hn)- Q.E.D. 

Since ut ■ p = i'i ■ p = 0, then by (9.3.7) we have t ■ p = wi'iai 
(uo to nonzero scalar), this is because TTq^iK = Zp{i'i{ai)}. Then, by 
Ext^jf '^^^{H*K,Zp) = 0(cf. Prop. 9.7.5(1)) and the Ext exact sequence 
induced by (9.3.7) we have 

(9.7.8) r*(ao6n-i) = np*{bn-i) = w*{i'i)^{ai)^(bn-i) 
= w4i'i)4hobn-i) 7^ G ExtY'^+'^{H*X, Zp). 

Proposition 9.7.9 Let p > S,n > 2, then 

(1) ExtY'^^''~^{H*K,H*K) = 0, ExtY'^{H*K,H*X) = 0. 

(2) ExtY'^"^'^\H*K, H*X) ^ Zp{u*{hn)'}. 

(3) ExtY'^^^H^X, Zp) ^ Zp{w,{i'i),{hQK)}. 

(4) ExtY'^^\H*X,H*K) = 0. 

Proof: (1) Consider the following exact sequence 

^ ExtY''^^HH*K,H*M) ^ ExtY^^''~\H*K,H*K) 
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^^ExtY'^'''\H*K,H*M) 
induced by (9.1.2). The right group is zero since Ext]f"''~'^{H*M, H*M) = 
0, Ext]f"''^''~^iH*M, H*M) = which is obtained by Ext]i\Zp, Zp) = for 
t = -1, -2 (mod q) and Ext]f"'^^''^\Zp, Zp) = for t = -1, 0, 1. The left 
group also is zero since Ext^/"'^'^'^~\H*M, H*M) = and ExtY'''^^'^{H*M, 
H*M) = which is obtained by the same reason as above. Then the middle 
group is zero. 

The second result follows by the following exact sequence 
= ExtY'^^'''^{H*K, H*K) Ext]f"'^{H*K,H*X) 

^ Ext]f"\H*K,H*K) 
induced by (9.3.7), where the right group has unique generator (/in)' which 
satisfies (a")*(/in)' = (hohn)" / € ExtY'^^'^-\H*K,H*K) ( cf. (9.3.8)). 

(2) Consider the following exact sequence 

^ ExtY''^\H*K,H*M) ^ ExtY''"'^\H*K,H*K) 
^ ExtY''"'^\H*K,H*M) ^ 
induced by (9.1.2). The left group is zero since Ext]f"'^~'^^^{H*M, H*M) = 
and ExtY'^^^{H*M, H*M) = which is obtained by ExtY'^~'^^\Zp, Zp) 
= for t = 0, 1, 2 and ExtY'^^\Zp, Zp) = (t = 1, 2). The right group also 
is zero since Ext]f"''~'^\H*M,H*M) = and Ext]f"'^~'^'^'^{H*M,H*M) 
= . Then we have ExtY'^~'^^\H*K,H*K) = 0. 

The desired result can be obtained by the following exact sequence 
ExtY\H*K,H*K) ^ ExtY'''''+\H*K,H*X) 
^ ExtY'"'^\H*K,H*K) = 
induced by (9.3.7), where the left group has unique generator (hn)' (cf. Prop. 
9.3.6). 

(3) Consider the following exact sequence 
ExtY''^HH*K,Zp) ^ ExtY''^\H*K,Zp) ^ 

ExtY''^\H*X, Zp) ^ ExtY''^\H*K, Zp) = 
induced by (9.3.7). The right group is zero by Prop. 9.7.5(1) and the left 
group has unique generator {i'i)*{hohn) since Ext^^ ^"^^(Zp, Zp) = Zp{hohn} 
and Ext'^/{Zp, Zp) = for t = -1, -2 (mod q). In addition, ExtY'^^^{H* K, 
Zp) = 0, this is because Ext](^ "^^^ {H* M, Zp) = ( cf. the proof of Prop. 
9.7.5(1)) and ExtY''~%H*M, Zp) = { cf Chapter 5), then is monic so 
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that the result fohows. 

(4) Consider the following exact sequence 
= Ext'^/"''^^{H*K,H*K) ^ ExtY''^^\H*X,H*K) 
^ ExtY''"'^\H*K,H*K) = 
induced by (9.3.7). The left group is zero as pointed out in the proof of 
Prop. 9.7.7(2). The right group also is zero since £;xt^^"''+^(F*ir, F*M) 
= and ExtY'''''^^{H*K,H*M) = which is obtained by Ext'^/""^* 
{Zp,Zp) = for t = 2,3 and Ext'^/"''''''^^\Zp, Zp) = for r = 1, 2 , i = 
1,2,3. Then the middle group is zero as desired. Q.E.D. 

Now we proceed to prove the main Theorem 9.7.4 in this section. The 
proof will be done by some argument processing in the Adams resolution 
(9.2.9) . We first prove the following Proposition and Lemmas. 

Proposition 9.7.10 Let p > 5, n > 2, (hoK)" € KG2 A 

K] be di-cycle which represents the element {h^hn)" = {a")*{hn)' € 
Ext'^/"'^^''~^{H*K,H*K){d. (9.3.8)), then there exist r]'^^ ^ [S^^^+'^'^i^, 
E2 A K] and (r/^J^s)^ ^ [SP"9+<?-iy^ E2 A K] such that (62 A lK)Vn,2 = {h A 
^K)iVn,2)Y ■ r = {hoK)" G A K] where r : iiT ^ Y is the 

map in (9.1.4). 

Proof : Applying Theorem 9.3.9 to (cr, s, tq) = {hn, IjP^q), or applying 
the mian Theorem B' and its proof to (cr, a') = (/i„,6„_i), {s,tq) = {l,p^q), 
we have {c2 AlK)(hohn)" = 0,. Them there exists r]'^^ G pP^^+'^-iJC, JTGa A 
K] such that (62 A IkH[.2 = {hoK)" € [TP"'i+'i-^K,KG2 A K]. For the 
second result, note that {hohn)"i'i € [T.p^'i+i-^S, KG2 A K] =0, this is 
because 7rpng+tg_„i^G2 = Ext^J^ ^{Zp, Zp) = for t = 0, 1, u = 1, 2, 3. 
Then there is (/io/in)y € [^P'^'i+i-^Y, KG2hK] such that {hoK)" = {hohn)Y- 
r, where r : K ^ Y is the map in (9.1.4). Then by Theorem 9.3.9 we have 
{c2f\^K){hohn)Y-r = and so , by the cofibration (9.1.4), (c2Ali<:)(/io^n)y' = 
/^e = (1^2 A e A lK)(ly A /^) = 0, for some G [Ef"«+«S, E^ A K], where 
we use e A Ix = iJ,{i'i A 1k){^ A Ik) = which is obtained by (9.1.26) and 
the cofibration (9.1.4). Hence, there is {Vn,2)Y € [^p"''+i-^Y, E2 A K] such 
that (62 A 1k)K,2)y = (hohn)'^ G [J:p"i+i-^Y, KG2 A K]. Q.E.D. 

Lemma 9.7.11 Let p > 5,n > 2 and (?7^)y = (aooi A lK){'>]n,2)Y S 
[T,P"i+i-^Y, K] be the map obtained in Prop. 9.7.10, then w{r]'^)Y ■ r = 
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A'u;(Cn-i A Ik) + (aoaiazcg A lx)fi for some /f G [^"1+1+^ K, A X] 
and nonzero A' G Zp, where Cn-i ^ TTpng+g-sS" is the element obtained in 
Theorem 9.5.1 which is represented by hobn-i G Ext^/"''^''{Zp,Zp) in the 
ASS. 

Proof: By Prop. 9.7.10 and (9.3.8)(9.3.7), (62 A 1x)(1e2 A'«;)(r7;^ 2)^ -r- 
= {lKG2/\w){hohny' = ib2CiAlx)9" with g" G iTGi AX], then 

(9.7.12) {1e, a u;)(r/:(,2)y • r = (ci A Ix)^/" + (as A l^)/^' 

for some G E3AX]. Thedi-cycle {h^Mx)!'^ G KG3A 

X] represents an element in Ext^^ '^^'^{H* X, H* K) and this group has 
unique generator w^:[hobn^i A Ik] ( cf. Prop. 9.7.7(2)), then 
(63 A lx)/o = A'(Ug3 /\ «^)(/io&n-i A Ik) + (63C2 A lx)ffo 
= A' (63 A 1x)(1e3 a w){Cn-i,3 A Ik) + (^3C2 A lx)go 
with A' G Zp and 50 e ii', KG2 A X], where we use (63 A lif)(Cn-i,3 A 

Ik) = hobn-i A 1;^ (cf. Theorem 9.5.1) . Then = A'(1e3 A w){Cn-i,3 A 
Ik) + (C2 A lx)5o + (03 A lx)fi for some /{' G [E?'"9+9+i7<, ^4 A X] and so 
we have (02 A lx)fo = A'(a2 A lx)(l£;3 ^ w){Cn-i,3 A Ik) + {0-20.3 A lx)/(' 
and (9.7.12) becomes 

(9.7.13) {Ie, a w){v'12)y • r = (ci a Ix)^" 

+A'(a2 A 1x)(1e3 a u>)(Cn-i,3 A Ik) + (0203 A lx)fi 
with g" G i^Gi A X], /{' G A X] and A' G Zp. 

To prove the Lemma, it suffices to prove the scalar A' in (9.7.13) is 
nonzero. Suppose in contrast that A' = 0, then by (9.7.13)(9.1.4) we have 

(9.7.14) (0203 A lx)fii'i = -(ci A lx)g"i'i 
This will yield a contradiction as shown below. 

Note that the di-cycle g"i'i G TTpnq^g^iKGi A X represents an clement 
in Ext\P"'^^'^~'^{H*X,Zp) ^ Zp{r*(/i„)} ( cf. Prop. 9.7.7(3)). Then g"i'i = 
Ao(l_ft"Gi A T){hn) , where /i„ G TTpnqKGi = Ext^f '^{Zp,Zp) and Aq G Zp. 
Consequently, (9.7.14) becomes 

(9.7.15) (0203 A lx)fii'i = -Ao(ci A 1x){Ikg, A r)(/i„) 

The equation (9.7.15) means the secondary differential — AocZ2(T*(/tn)) 
= 0. However, by [12] p.ll Theorem 1.2.14, d2(/i„) = ao6„-i 7^ G 
Ext^/"'^'^^{Zp,Zp), where ^2 : Ext^^^iZp, Zp) Ext^/"'^'^^{Zp, Zp) is the 
secondary differential in the ASS. This implies that (i2(7"*(^n)) = T*d2ihn) = 
n{aobn-i) = w,{i'i),{hobn-i) ^ e ExtY''^\H*X,Zp) ( cf. (9.7.8)). 
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This shows that Aq = and so by (9.7.15) wc have (0203 A lx)fii'i = 0. 

It follows that (as Alx)/i'^'i = (c2 Alx)5'2 — ) where the di-cycle §2 G 
'Kpnq^qKG2/\X represents an element in Ext'^/'"'^'^'^ {H* X , Zp) = Zp{w^{i'i)^, 
{hohji)} (cf. Prop. 9.7.9(3)) and the generator of this group is a permanent 
cycle in the ASS (cf. Theorem 9.5.1) so that we have (c2 A lx)92 = 0- Then 
f^i'i = (c3 A lx)93 = (C3 A lx)g'ii'i for some c/3 G -KpUq+q+iKG^ A X and 
g'l G [Sf "9+9+1 ^(^g X] , this is because 53 • e = which is obtained by 
the fact that e : Y ^ T,S induces zero homomorphism in Zp-cohomology. 
Consequently we have /f = (cg A Ix ) < + /2V with G [SJ^^^+^+^y, £^4 A X] 
and (0203 A lx)fi = (0203 A lx)f2f- Hence, if A' = 0, (9.7.13) becomes 

(1e2 a w){ri!;,^2)Y ■ r = (0303 A lx)/2V + (ci A lx)95r 

where g'^ G [i;p"9+9-iy, KG2 A X] such that g'^r = g". Moreover, by the 
above equation we have 

(9.7.16) {1e, a w){ri'l2)Y = (0303 A lx)f^ + (ci A lx)g'i + f^e 

with /3 G Trpnq^qE2 A X. Since e : y — > SS induces zero homomorphism 
in Zp-cohomology , then the right hand side of (9.7.16) has filtration > 3. 
However, (?/(()y = (0.0^1 A ^K){Vn2)Y has filtration 2, this is because it is 
represented by (/io/i„)y G Ext^/"'^^'^~\H* K, H*Y) in the ASS. Moreover, 
by the following exact sequence 

= Ext]f"\H*K,H*Y) ^ ExtY''+'i-\H*K,H*Y) 
^ ExtY''+''~\H*X,H*Y) 
induced by (9.3.7) we know that w^{hohn)Y ^ 0, where the left group is zero 
by Prop. 9.7.5(3). That is to say, (Igj A w){r]'^)Y has filtration 2 which is 
represented by w^,{hQhn)Y in the ASS. This shows that the equation (9.7.16) 
is a contradiction so that the scalar A' must be nonzero. Q.E.D. 

Lemma 9.7.17 Let w : K ^ X he the map in the cofibration (9.3.7) 
and W is the cofibre of wi'i : S ^ X given by the cofibration S X 
W , then 

(1) Ext'^^'^"'^^'^^''^{H*W, Zp) = for s = 1, 3 and has unique gen- 
erator {wi)^,n{hn) = (t)*(wi)*[/i„ a Ix] for s = 2. 

(2) Ext]f"\H*W,H*X) ^ ZpiiwiUKYx = (wiUK A Ix]}- 

(3) iwi)4aobn-i A Ix] 7^ G ExtY''^\H*W,H*X). 
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Proof : (1) Note that W also is the cofibre of ra" : T^'^^'^K Y, 
this can be seen by the fohowing homotopy commutative diagram of 3 x 3- 
Lemma. 



K W 

/a" \r /W2 \ui 
E^-^K ^ Y ^ 
That is , we have a cofibration 

'£i-^K Y W 'E'^~^K and it induces the following exact se- 
quence 

Exf^''^"''+'-\H*K,Zp) 
The left group is zero for s = 1,2, 3 ( cf. Prop. 9.7.5(2)). The right group 
also is zero for s = 1,3 (cf. Prop. 9.7.5(1)) and has unique generator 
{i'i)*{hn) = u^T^ihn) = {u2)*{w\)^{T)^{hn) for s = 2. Then the result 
follows. 

(2) Consider the following exact sequence 
ExtY\H*X,H*X) ExtY'{H*W,H*X) 

ExtY''iZp,H*X)=0 
The right group is zero by Prop. 9.7.7(1) and by Prop. 9.7.9(2)(1) we know 
that the left group has unique generator {hn)'x = [hn A lx\ which satisfies 
u^{hn)'x = u*{hny e ExtY'^''^^^{H*K,H*X) . Then the middle group 
has unique generator (iui)*(/in)x- 

(3) Since a" : Tfl~'^K K \s not an M-module map, then , as the cofi- 
bre of a", the spectrum X is not an M-moduld spectrum, that is, the map p/\ 
Ix 7^0 G \X,X]. So [aoAlx] = [pMxUrMx] + G Ext^^ {H* X,X* X) ( 
where T is the unit in TTo-f^Go), and so [aobn-iAlx] = (pAlx)*[6n-i Alx] = 
[ao A lx][fen-i A Ix] / G ^a;t^*'"^+^(if*X,X*X) which can be obtained 
by by knowledge of Yoneda products and a^bn-x / G Ext^^ '^'^^{Zp, Zp). 
Note to the following exact sequence 

= Ext^/''''^\Zp,H*X) ^"^^ ExtY''^\H*X,H*X) 
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where the left group is zero by Prop. 9.7.7(1), then (wi)^ is monic and so 
the resit follows. Q.E.D. 

Remark The result on [ao^n-i ^ Ix] 7^ in Lemma 9.7.17(3) also 
can be proved by some computation in Ext groups as follows. Suppose in 
contrast that {p A lx)*[t>n-i A Ix] = [oo^n-i A Ix] = 0, then by (9.1.1), 
[bn-i A Ix] = (i A lx)*ixi) with xi € Ext^/"''^\H*M A X,H*X). Re- 
call that X is the spectrum in (9.3.7), then we have w*{1m A n)*(a;i) G 
Ext^/"'^~''^\H*M A K, H*K) = which can be obtained by Ext^/"'^'"'^^ 
{H*MAK, H*M) = and ExtY"'^'^'^{H* M AK, H*M) = 0. By the Ext ex- 
act sequence induced by (9.3.7) we have (1mA'u)*(xi) G u* Ext^/'"'^^^ (H* M A 
K,H*K). However, this group has unique generator (mx)*(6n-i)') then 
(1m AM)*(a;i) = Au*(TnA')*(6n-i)' for some A £ Zp. By applying (1m A a")* 
we have Ati*(lM A a")*(rni^)*(6„-_i)' = and so A(1m Aa")*(mx)*(fcn-i)' G 
{a"fExtY''^^{H*MAK,H*K). Then A(ai AU)*(6„_i)' = A(m;^),(lMA 
a")*(m_ft:)*(5n-i)' = which shows that A = 0. So xi = (1m A w)^{x2) 
for some X'z G Ext'^/"'^^^{H*M A K,H*X). Similarly we can prove that 
w*{x2) = 0. Then xi G u*{1m ^ w)^Ext'^/"'^^'^{H*M A K, H*K). How- 
ever, Ext^/"'^^'^{H*M A K,H*K) has two generators {i A lK)*(/io^n)' , 
{mK)*ihohn)" and u*{hQhn)" = u*{a")*{hn)' = 0, then we have xi = 
u*{1m a w)^{i A lK)*{hQhn)' { up to scalar) and so [6n-i A Ix] = {j A 
^x)*{xi) = 0. This is a contradiction and shows that [ao6n-i A Ix] 7^ 
G Ext^f^'^''^{H*X,X*X). 

Proof of Theorem 9.7.4 : The result for n = 0, 1 is wellknown, then 
we assume that n > 2. By Lemma 9.7.11 and (9.1.4) we have 

(9.7.18) \'wi'iQn-i = A'w;(Cn-i A lK)i'i = -(00010203 A lx)/{'i'i. 
Moreover, by the cofibration in Lemma Q.l.YJ we have (00010203 A 

lw)(l£;4 A wi)fii'i = and so (00010203 A lw){'i-E4 A wi)fiU = kr' for 
some A; G [TP"'i-'^X', W] , where i'i = ut : T,i-^S ^ X A T,i-^K which 
is obtained by a"i'i = and (9.3.7) and t' : X ^ X' is the map in the 
following cofibration 

(9.7.19) T.i-^S X ^ X'^ T,iS. 

We claim that A: G [SP^I'^X', W] has filtration > 4, this can be proved 
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as follows. 

By Lemma 9.7.17(1) and (9.7.18) we have {t")* Ext'^^'^"'^^'''^^~^{H*W, 
Zp) = 0C Exff^'-^{H*W,H*X') and so (r')* : Ext'f''^'-^{H*W, 
H*X') Exf/"'^^'~'^ {H*W, H*X) for s = 1, 2, 3 is monic. Then, the fact 
that kr' has filtration> 4 implies that k G [S*'"5~^X', W\ also has filtration 
> 4. This shows the above claim and so A; = (00010203 A 1h/)A;3 for some k^ G 
[YP'"i+'^X' ,EihW] and {aQala2a^^lw){'^Eif\W'^)flU = {aoaia2a3Alw)k3T' . 
It follows that 

(9.7.20) (0203 A 1h')(1s4 a wi)f!^u = (0203 A 1h^)A;3t' + (ci A lw)g 

= (0203 A lw)k?y + Ai(ci A lw)i'i^KGi A wi){hn A Ix) 
where the di-cycle g = Xi{1kGi A wi){hn A Ix) e [S^'^'^X, iiTGi A M^] with 
Ai G .Zp which is obtained by Lemma 9.7.17(2). 

The equation (9.7.20) means that the differential d2{Xi{wi)*[hn A Ix]) 
= 0. However, d2{{wi)*[hn A Ix]) = {'Wi)*[aobn-i A Ix] 7^ ( cf . Lemma 
9.7.17(3)). Then the scalar Ai = and we have 5 = 0, (0203 A liy)(lE4 A 
wi)f'{u = (0203 Alvi/)A;3r' and (0203 A 1a-)(1e4 Au)f'{i'i = {0.20,3 Mr) {I E4 A 
U2Wi)f'{uT = 0. Consequently we have (03 A l_ft-)(l£;4 A u)fii'i = (c2 A 
^K)g2 = , this is because the di-cycle ^2 € 'Kpnqj^iKG2 A K represents an 
element in Ext^/"''^^{H*K, Zp) = (cf. 9.7.5(1)) . Then, (l^^ A n)/{'z'i = 
(C3 A 1^)53 for some 53 & [SP^i+^S, KG3 A K]. Since {IkGs A a'Offs = 0, 
then g3 = [IrGs A u)g4 for some 54 € [SP^^+^+^S, JTGs A X] and so we have 
(1^4 A u)fii'i = (c3 A l/<r)(l/<rG3 A u)g4 , /^'^'^ = (03 A lx)54 + (1^4 A w)f2 
with /2 G [■EP"i+i+^S, E4AK]. 

Hence, by (9.7.18) we have X'wi'iC^n-i = — (aoOi02a3 A lx)fii'i = 
-(000102 

03 A 1x)(1e4 a w)f2 and by (9.3.7), AYiC„_i = -(09010203 A 1a-)/2 + a"a;„ 
with uJn G TTpnq^iK. Siucc \'i'iC,n-i is a map of filtration 3 which is rep- 
resented by \'{i'i)^{hobn-i) G Ext^/"'^^'^{H*K, Zp) in the ASS, then a"cOn 
has filtration 3 and so u;„ G TTpng^iK has filtration < 2. However, by Prop. 
9.7.5(1) we have Ext^/"'^'^-^{H*K, Zp) = , then Un e 7rpnq_iK must be 
represented by the unique generator {i'i)*{hn) G Ext^^ '^{H*K, Zp) (up to 
nonzero scalar). This shows the Theorem. Q.E.D. 

Remark The element K obtained in Theorem 9.7.4 can 

be extended to (a;„)' G [Ep"i~^K, K] such that {ujn)'i'i = oJn- Then, (a;„)' 
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is represented by (hn)' € Ext]f"'' {H* K, H* K) in the ASS and a"(w„)', 
{unYa" € [^P'"i+'i-^K,K] is represented by a'^iKY = (a")*(^n)' = (hohnY' 
e Ext^/"'''^''^^{H*K,H*K). By Theorem 9.7.4 and Lemma 9.7.11 we have 
a"{uJnY = i^^nY'^" + -^'Cn-1 A Ik (modulo higher filtration). 

By [10] p. 511, there is a map (f):^(f) : BP^BP — > such that tn ^ the 
conjugate of where = E[tq,ti,T2-, ■■] (8) -P[^i,C2) •••] is the dual of the 
Stccnrod algebra A. Then induces the Thorn map $ : Ext^p pp{BP^:, 
BP^K) Ext]f"'^iH*K, Zp) such that the image of K € Ext]fpfpp{BP^, 
BP^K) is = {i'i)^{K) e Ext]f"''{H*K,Zp). Then, the element 

ujn G TTpnq^iK obtained in Theorem 9.7.4 is represented by hn + other 
terms € Ext^^p^Qp{BP^, 

BP^K) in the Adams-Novikov spectral sequence. To know what the ele- 
ments in the other terms, we first prove the following Lemma. 

Lemma 9.7.21 By degree reason, Ext]fpfj^p{BP^,BP^K) IS gener- 
ated (additively) by the following i;2-torsion elements C2(p"~^) and t'2-torsion 
free elements hn, ^''^^hn-2, hi , where i > 0, = (j?^ — l)/(p -|- 1) 
, n — i = 2A; > 4. In addition, there is a relation hn = C2(p"'~^) + 

e Ext]fpJ^sp{BP^,BP^K). 

Proof : By [19] Theorem 1.1 and 1.5, Ext^'*{BP^, BP^K) is a Zp[v2]- 
module which is generated by t;2-torsion elements C2(aj)*) and t;2-torsion 
free elements W2,hi, where a 7^ (mod p), s > and i > 0. Moreover, the 
internal degree | hi \= p^q, | C2{ap^) \= ap^{p^ +p + l)q — q{ap^){p+l)q and 
I W2 1= {p + l)^g. 

Since | ^3^2 |= (mod (p -|- l)q)-, then | V2W2 p^q- If | V2hi \= p^q, 
then h{p + l)q + p^q = p^q, b{p + 1) = p^{p^~^ — 1) and so (p""* — 1) must be 
divisible byp-|-l. Hence 6 = and i = norb = UiP^ with Oj = (p^'^— l)/(p-|-l) 
and n — i = 2k > 2. Then hn, ^^hn-2 and 112'^ hi(0 < i < n — 2) are 

the only torsion free elements of Ext^'P"'^{BP^:, BP^^K). 

If I V2C2{ap'^) 1= p"'q, then p"'q = ap^{p'^ +p+ l)q — {q{ap''^) — b)(p+ l)q, 
ap^{p'^ + p + 1) = p" + {q{ap^) — b){p + 1) and so the right hand side must 
be divisible by + p + 1. So we have 
(9.7.22) ap^ = p"-2 + 

We claim that s < n — 2 which will be proved below , then q{ap^) — b 
must be divisible by p*. However, by [19] p. 132, q{ap^) = p* for a = 1 
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and g(ajo*) = + other terms for a > 2. Then, the only possibihty is 
q{ap^) = p^,a = 1,6 = and s = n — 2. That is to say, the only U2-torsion 
elements in Ext^'P"i{BP^, BP^K) is C2{p''-^). 

Now we prove the above claim. Suppose in contrast that s > n — 1 , 
then, by (9.7.22) we have ^"^''"^^-l^'P^"^'^ = ap' - p^'^ > p' - p^'^ 

2p' > q{af) - b - p^-^ > (P'-P'"^)(P'^+P+^) > ps+i _ ^n-i 

and this is a contradiction which shows the above claim. Q.E.D. 

Proof of Theorem 9.7.1 For the Thom $ : Ext]fp^%p{BP^, BP^K) 
ExV/ ''{H*K,Zp) wc have = By this we know that 

the element uin £ T^p^q-iK obtained in Theorem 9.7.4 is represented by 
+ ( other terms) G Ext^pp^'pp{BP^,, BP^^K) in the Adams- Novikov spectral 
sequence. By Lemma 9.7.21, the other terms are the linear combination of 
^~^^hn-2 and t>2'^ hi, where i>0,n — i = 2k>A and = (p'^'^ — 
l)/{p + l). Let f3 e [S^P+^^iK, K] be the known ?;2-map, then i'iai G iTq-iK 
and i'j'Pi'i G iTpq^iK is represented by /io,^i G Ext^^*p^Qp{BP^, BP^^K) 
respectively. That is, ho, hi G Ext^p*p pp{BP^, BP^^K) are permanent cycles 
in the Adams-Novikov spectral sequence. Suppose inductively that hi G 
Ext^p'p'^Pp{BPtf,BPtfK) for i < n — l(n > 2) arc permanent cycles in the 
Adams-Novikov spectral sequence. Since uj^ G TTpng-iiT, w^+i G 'np-n.+iq_iK 
are represented by the linear combination of 

hn + vf~^^^~^\n-2 and vl'P'hi G Ext^/pfsp{BP^,BP^K), 
hn+i+vf~'^~^hn-i and v^'P'hi G Ext^^^p^BpiBP*,BP^K) 
then hn,hn+i G Ext^^*p^^p{BP^, BP^K) also are permanent cycles. This 
completes the induction and the result of the Theorem follows. Q.E.D. 

Conjecture 9.7.22 Theorem 9.7.4 can be generalzed to be the follow- 
ing general result. Let p > 5, s < 4 , Extf^{Zp,Zp) ^ Zp{x}, Exf/^'^'^'^'^ 
{Zp,Zp) = Zp{hQx},Ext^^'^'*'^^'^'^^^{Zp,Zp) = Zp{a2x} and some supposi- 
tion on vanishes of some Ext groups. If the secondary differential d2{x) = 
uqx' G 

Zp) with x' G Ext^^^''''^{Zp, Zp), that is, x and x' is a pair of 
OQ-related elements, then there exists ui G T^tq-sK such that i'i^ = a" -to (mod 
F^+'^TT^K) and oj G -Ktq-sK is represented by (i'i)*(x) G Ext'/'^{H*K, Zp) 
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in the ASS, where ^ € Titq+q-s-2S is the homotopy element which is repre- 
sented by Hqx' G Ext'^^'^'^^~^'^{Zp^ Zp) in the ASS and F^+^vr^iC denotes the 
group consisting of all elements in ir^fK filtration > s + 2. 

§8. Second periodicity families in the stable homotopy groups of 

spheres 

By Theorem 8.1.2 in chapter 8, Ext^^p^^p{BP^,, BP^,) is generated by 
ottpn > 0,p not divisible by t > 1) and It was proved by Novikov that 
all these first periodicity families converge to the im J C tt^S. In this sec- 
tion, using the /lo^n+i-element obtained in Theorem 9.5.1 and the elements 
fipjj.,! < r < p — \ and Ptp/nt > 2,1 < r < p as our geometric input, 
we prove the following Theorem on the convergence of second periodicity 
families (3tpn /j. in the Adams- Novikov spectral sequence. 

Theorem 9.8.1 Let p > 5, n > 1, 1 < s < p"* - 1 if t > 1 is not 
divisible by p or 1 < s < p" if t > 2 is not divisible bv p , then The elements 

P,pn/,eExtl'^X^'^'^-'''{BP^,BP^) 
in Theorem 8.1.3 are permanent cycles in the Adams-Novikov spectral se- 
quence and they converge to the corresponding homotopy elements of order 

p in TTtpn(j,+l)q-sq-2S- 

We will prove Theorem 9.8.1 in case t>loTt>2 separately. The proof 
will be done by some arguments processing in the cannical Adams-Novikov 
resolution. We first do some preminilaries as follows. 

Let M be the Moore spectrum whose SP=i,-homology are BP^{M) = 
BP^/{p). Let a : TflM — > M be the Adams map which induces BP^,- 
homomorphisms are vi : BP^/{p) BP^/(p). Let Kr be the cofibre of 
a'^' : Ti^^M — > M given by the cofibration 

(9.8.2) S'^^M ^ M ^ Kr S'''?+iM 

The cofibration (9.8.2) induces a short exact sequence of i?P=f-homology 

^ BP,/ip) ^ BP,/{p) BP,/{p,vl) ^ 
Recall from §5 in chapter 6, is a M-module spectrum and we have the 
following derivations 

(9.8.3) d{i',) = 0, difr) = 0, dia) = 0, d{ij) = -Im- 
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Moreover, the cofibre of igj'^ : —>■ T^^'^^^Kg is TiK^+g given by the 
cofibration 

(9.8.4) "^-^"^ Ks+r Kr ^ 

This can be seen by the following homotopy commutative diagram of 3 x 3- 
Lemma 

\ fr / i's \ i^s,r+s / fr+s \ 

(9.8.5) S''5+iM J^Kr+s E^'s+^M 

Moreover, the cofibration (9.8.4) induces a short exact sequence of 
homology 

^ BP,/{p, vl) ^ BP,/{p, <'•) BP,/{p, vl) ^ 

and by the homotopy commutative diagram (9.8.5) , we have the following 
relations 

(9.8.6) 4's,s+ri's = i's+rOi''^ j'rPs+r,r = Ol^fs+r 
js+r'^s,s+r — 3 St Ps+r,r'i's+r ~ V- 

Proposition 9.8.7 Let p > 5 and / G [J^^Kj.,S] be any map, then 
/ = jfj for some / G [l^'+^i+^Kr, Kr]. 

Proof : By Theorem 6.5.16(A) in chapter 6, there is Ur : Ti^'^'^'^Kr — ^ 
Kj. A Kr such that (jj^ A lKr)^r = ^Kr- Let be the cofibre of jj^ : 
T,-'^Kr ^ S^^+^S* given by the cofibration E'^K, ^ E'^+^S K^. 
Kr, then ZrAlxr = {zrjjrf\^Kr)^r = G [E^'^+^iCj. , -f^r -^r] • Consequently, 
^r/= (1k;A/)(z,A1;^J = 0andso/ = ii;7forsome7G [E*+'-''+iiC„i^,]. 
Q.E.D. 

Let 

(9.8.8) •••^ E-2^2^ S-i^i ^ ^0 = 5 

ih^ [hi _ ibo, 

T,-'^BP A E-^SP A BPAEo = BP 

be the canonnical Adams-Novikov resolution of the sphere spectrum S, 
where Eg BP A Eg ^ Es+i ^Es are cofibrations for all s > 
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such that Eq = S,bs = T A 1^ { s >0) and bo = t : S ^ BP is the 
injection of the bottom cell. Then ntBP AEg is the E^' -term of the Adams- 
Novikov spectral sequence, (^s+ic^)* : TTtBP A Eg ^ TTtBP A Eg+i are the 
ci^'*-differential and 

-^2 * = Ext'^jgp^^p{BPit,, BP^) =^> {TTt-sS)p 

Proposition 9.8.9 Let p>3,r>l,s>0 and Eg be the spectrum in 
the Adams-Novikov resolution (9.8.8), A^BP = BP A - • ■ ABP be the smash 
products of s copies of BP, then (BPAEg)*, {BPAEg)*{M), {BPAEg)*{Kr) 
are the direct summand of {A'+^BP)\ {A'+^ B P)* (M) , {A'+^ B P)* (Kr) and 
we have p*M,BP A Eg] = {BP A Eg)-\M) = for i 7^ -1 (mod q), 
[S*^^, BP A Eg] = {BP A Eg)'\Kr) = for t 7^ -2 (mod q). 

Proof : We first consider the i?P*-cohomology. It is known that 
TTtBP = BPt = BP-\ then BP* = Z^p)[vi,V2, • • •] , where | Vi \= -2{p^ - 1) 
and In = {p,vi, ■ ■ ■ ,Vn-i), {p,Vi) is the invariant ideal of BP*. Clearly, 
there are two exact sequences on i?P*-cohomology as follows 

^ BP* BP* BP*/{p) 

^ E-'<iBP*/{p) ^ BP*/{p) ^ BP*l{p,v\) ^ 

where /CoiPi are the projections. 

Note that {A' BP)* = tt^{A'BP) = BP^{A'-^BP) = BP.BP ^ • • • ® 
BP^BP with s — 1 copies of BP^^BP and s > 2. Then we have the follwing 
short exact sequences (s > 1) 

(9.8.10) ^ {A'BPy iA'BPy — > {A'BP)*/{p) 

^ E-'-i{A'BP)*/{p) {A'BP)*/{p) — > {A'BP)*/{p,vl) 
For any / G [S*M, A^PP] = (A*PP)^*(M), if t 7^ O(mod q) , then by 
the sparseness of {A^BP)* = BP^BP (g) ■ ■ ■ (2> BP^BP { that is, BPrBP = 
for r 7^ (mod q)) we have fi G (A'^PP)"* = ; if t = (mod q), then 
fi is an element of order p in Z^^j-module (A^PP)^* so that we have fi = 
0. This shows that i* = : (A'PP)*(M) {A'BP)*. Similarly we have 
{i'^y = : {A''BPy{Kr) (A"PP)*(M) ( r > 1). Then, the cofibration 
(9.1.1) (9.8.2) induces respectively the following short exact sequences for 
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all (r > 1) 

^ {A'BPy {A'BPy {A'BP)*{M) 

^ {A'BP)*{M) {A'BPy{M) {A'BPy{Kr) 

where the degrees | j* \= —1, | {j'^y |= —{rq + 1). By comparison to the 
above two short exact sequences with (9.8.10) we have 
(9.8.11) iA'BPyiM) ^ ^{A'BPy/{p), 

{A'Bpy{Kr) ^ i:''i+^{A'Bpy/{p,v\). 

Let iJ, : BP A BP BP be the multiplication of the ring spectrum 
BP and r : iS — > BP be the injection of the bottom cell, , then we have 
h{1bp a t) = Ibp = fJ'ir A Ibp) so that the cofibration Es-i BP A 
Eg-i Eg S£'s_i induces a split short exact sequence 

BP A Es-i BP A BP A E^-i '^^^"^ BP A E, 

this is because (/i A 1~ )(1bp A bg-i) = (fi A 1~ )(1_bp A t A 1~ ) = 
1„„ ~ . That is to say, BPAEs is the direct summand of BP ABP AEs-i 
and by induction we have BPAEs is the direct summand of A^~^^BP. Hence, 
{BP A Esy, {BP A Esy{M), {BP A Esy{Kr) are the direct summand of 
(A^+^SP)*, {A'+^BPy{M), {A'+^BPy{Kr) respectively and the last result 
can be obtained by (9.8.11). Q.E.D. 

Proposition 9.8.12 Let p > 3, n > 1, then 

£;xt^£^^+^)^(BP.,5P./(p,<-^)) 
is generated additively by the generators ~^ ci{trP^~'^'^) ( r > 1), 

where tr = (p^''"^^ + l)/{p+ 1) and ci(ap*) is the generator in Theorem 8.1.7 
in chapter 8 which has degree sp^{p + l)q. 

Proof : By Theorem 8.1.7, the desired generators are of the form 
f Jci(ap*) with degrees bq + ap''^{p + l)q = p"'{p + l)q, a > 1 is not divisible 
by p, < 6 < — 1 and b > max {0,p"' — 1 — qi{ap^)}, where qi{ap^) = p^ 
if a = 1, qi{ap^) = p^ + p^~^ — 1 if a > 2 is not divisible by p. 

If 6 = 0, then the generator is . Since b < — 1, then s < n and 
b = { mod p^) and so 6 > — 1 — qi{ap^) > p^ — p^~^ if 6 > 1. Let 
b = {p — l)p"'~^ + Cn-2P^~^ H 1- CsP^ be the p-adic expasion of b such that 
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< Ci < p — I. By b > (p" — 1) — {p^ +p^^'^ — 1) or 6 > (p" — l)—p^ wc have 
Cji_2p"~^ + • • • + CsP^ > — — or — — 1. Consequently we 
have Cn-2 = ■ ■ ■ = Cg = p — I. On the other hand, b is divisible by p + 1, 

then (p — 1) — Cn-2 H 1- (— l)"'~^~'^Cs = so that n — 1 — s must be odd. 

Let n — 1 — s = 2r — 1, then we have s = n — 2r,b = p^ — p^""^^ as desired 
and a = (p^'^+i + l)/(p + 1). Q.E.D. 

Proposition 9.8.13 Let p > 3,n > 1, then 

(1) Ext^^p^^p''^ {BP^, BP^) is generated additively by the generators 
Ppn^pn_i, Pf^pn-2r /pn-2r_i for all T > 1), where tr = (jP^'^^ + l)/(p + 1)- 

(2) Ext^^p^Qp^'^{BPit,,BP^,M) is generated additively by the generators 
P'pn /pn_i, f3[^p^-2r ip^-2r _i for all T > 1), whcrc tr = + l)/{p + 1) and 
f^tp^/s generator in Ext^^*p^Qp{BP^,BP^M) such that j*{/3[p„/g) = 
Ptp^,,eExt%^j,p{BP,.,BP,). 

Proof : By Theorem 8.1.3 in chapter 8, Ext^^*p^pp{BP^^BP^) is gen- 
erated additively by the generators /3„p.s /^f.+i € Ext^^p^^p^^*^ ^'^{BP^,, BP^) 
, where s > 0, a > 1 is not divisible hy p, b > 1, c > and subject to 

(i) b<siia=l. 

(ii) I 6 < p^-" + p*-^-^ - 1 

(iii) p^-"-^ + p^-'^-s - 1< 6 if p'^+i I 6, 

and Pap'/b,! = /^apVfc- /5apVfe,c+i ^ Ext]^^p^Bp'^{BP^,BP^) we 

have ap*(p+l)g — 6g = p^+^f^+g = p^ {p+\)q — {p^ — l)q so that ap*(j)+l)g+ 
(p" — 1 — 6)(7 = p"'(p+l)(/. Similar to that in the proof of Prop. 9.8.12 we have 
a = l,s = n,6 = p" - 1 or a = {p'^'-+^ + I) / {p + l)^b = p'"-^^ - l,s=p^-'^''{ 
r > 1) and consequently c = 0. This shows (1) and the proof of (2) is 
similar. Q.E.D. 

After finishing the proof of the above Proposition, wc proceed to prove 
Theorem 9.8.1 in case t > 1. The proof will be done by some argument 
processing in the Adams-Novikov resolution of some spectra and using the 
/lo^n+i-map in Theorem 9.5.1 as our geometric input. We first prove the 
following Lemma. 

Lemma 9.8.14 If g" is the element in 7rpn(p_|_i)qSP such that bicog" j 
jpn_i = G [T.P"^^i+'i-^Kpn_i,BP A El], then there exists g = pxi + 
~^X2 G T^pn(^p+i)qBP such that biCo{g" — g) = E T^pn(^p+i)qBP A Ei, 
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where xi,X2 is some elements in tt^BP. 

Proof : Let ^ : BP A BP BP be the niultiphcation of the ring 
spectrum BP, then /x(6o A Ibp) = ^bp = I^{^bp A 60)) where Iq = t : S ^ 
BP is the injection of the bottom cell as stated above. Then we have the 
following split cofibration 

BP BP A BP BP A El ^«^-^°=° E5P 

BP A El BP A BP A Ei '^-^'^ BP A E2 SBP A Ei 

and there is /x' : BPAEi BPABP such that {Ibp ^bo)n + h'{1bp /\Co) = 

^BPABP- 

By biCo9"jjpn-i = we have Cog"jj'pn_i = a^g' with c/' G 

^2]. Then (IsP A cog"jj'pn_i) = {Ibp A ai)(lBP A g') = 
so thatlfip A g"jjpu_i = [{Ibp A bo)n + ij.'{Ibp A co)](1bp A g"jjpn_i) = 
{Ibp a bo)fi{lBP A g"jjpn_i) and we have 

(9.8.15) (60 A lBp)(7"jj;n_i = (Ibp A g"jj'pn_^){bo A 1k^„_ J 

= (Ipp A 6o)^(1bp a g"jjpn_i){bo A J 

= (Isp A6o)5"iipn-i- 
Note that (60 A Ibp)*, (Ibp A 60)* : BP^ — > BP^BP are the right and 
left unit r]R,r)L '■ BP^ —>■ BP^,BP respectively, then by (9.8.15) we have 
''1r{9") = 'nL{g") mod {p.,v\ ~^). This means that {p,v\ ~^,g") is a SP* 
invariant ideal , or equivalently, g" G £^a;t^p^^p^'*'(PP*, PP*/(p, ~^)). 
Then by Prop. 9.8.12 we have 

(9.8.16) g" = Xvf + SA^t-f "^"""'ci (trp""^0 + pxi + «f "^X2 € BP, 
where 1 < A, <p-l,tr = {p^''+^ + l)/{p+l) and xi, X2 are some elements 
in BP,. 

Let g = pxi+ vl ~^X2, then {bo A lBp){g" -g) = Vr{9" - 9) = vUg" - 
g) = {Ibp a bo){g" - g) so that 6ico(/ -g) = {Ibp A co)(6o A 1bp)(5" - 9) 
= 0. Q.E.D. 

Proof of Theorem 9.8.1 in case t>l By Theorem 9.5.1, there is 
Vn+i £ T^pn+iq^q-\M such that ?7n+i = jVn+i S 7rj,n+iq+g_2S' is represented 
in the ASS by /lo^i e £;a;t^^""^'^+^(Zp, Zp). By Theorem 8.1.5 in chapter 

8, $(/3pn/pn_i) = /loWl, where $ : Ext'^/p^sp{BP„ BP,) Ext'^/ {Zp, Zp) 
is the Thorn map. Then rjn+i = jfjn+i is represented by Ppn/pn_i + x E 
Ext^/p j^^'^'^{BP„BP,) in the Adams-Novikov spectral sequence, where x = 
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Sr>iA,./3(^pn-2r/pn-2r„i wlth Aj. € .Z^(p) ( cf. Prop. 9.8.13). Moreover, fjn-\-i € 
7rpn+iqj_y_iM is represented by Ppn/pn_i + -t' + i*{y) in the Adams spectral 



sequence, where y G Ext^^*p^^p{BP^,, BP^), and = 5]r>iAr/?^^p„-2r/pn-2r_i 
, /S^'pn/^ are the elements in Ext^p*p^pp{BP^, BP^{M)) such that j*Plpn/g = 
Ptp"/s € Ext^*p^pp{BPit, BP:t) . It is known that all the generators in 
Ext^^*p^^p{BP^,, BP^,) are permanent cycles in the Adams-Novikov spectral 
sequence , then there exists / G iVpn+ig^g^iM such that it is represented by 
Ppr./pn_i + x'. In addition, / can be extended by / G [Ep"+'«+9-1M, M] n 
kerd such that / = fi. Recall from (9.8.8) 

. . . ^^^^ 2-2^2 A M ^'-^^ S-i^i A M ""-^^ EoAM = M 
[h A 1m a 1m 1^0 A 1m 

E'^BP AE2AM T,-^ BP A El AM BP AM 
is the Adams-Novikov resolution of the Moore spectrum M. Then fi can be 
lifted to fii G 7rpr.+ig+q{Ei A M) with /i G [Sp"+'9+«M, A M] n kerd such 
that ao A 1m)/i^ = /i and the di-cycle (61 A 1m)/i^ £ '^p"+'^q+q^P AE^AM 
represents /3pn/p„_i + G Ext'^^p^Bp''^{BP^,BP^{M)). By applying d to 
the equation (ao A 1m)/iU = /u we have (oq A 1m)/i = /■ 

Since (aoAlM)/i« = fi & iTpn+iq+q^iM is represented by /3p„/p„_i+a;' G 
Ext]fp^P^'^'^{BP^, BP^{M)) in the Adams-Novikov spectral sequence and 
+-^') = °' ^ lM)/ia^"~'i = /af"-ii = aP"-'fi 

has i?P- filtration > 1 so that (61 A lM)/ict^"^^^ is a di-boundary and 
it equals to (6iCo A Im)^* for some g G [Sp"(p+i)'?M, A M]. Hence, 
(61 A 1m)/i«^"~^ = {bico A 1m)9 ) this is because ^^pn[p-^-l)q+lBP A Ei A M 
= which is obtained by the sparseness fo BP* {Ei A M) . Consequently we 
have 

= (coAlM)5 + (ai A1m)/2 with /s G [Sf"(f+i)«+iM, ^2 AM] 

and 

(Ig^ A j)fiaP"-^ = dog"j + ai(lg^ A j)/2 with g" G 'Kpn(p+i)qBP, 
where g" j = {Ibp Aj)g, this is because {Ibp Aj)gi G '7Tpn(^p^i^q_iBP = 0. In 
addition, by 62(lg/j)/2 S [Sf"(P+i)''M, BPAE2]= and [sp"{p+i)'?+1m, PP 
A P3] = ( cf. Prop. 9.8.9), then (1~^ A j)/2 = 0203/3 for some /3 G 
[SP"(P+i)5+2jVf , ^4] and we have 
(9.8.17) {1e, a i)/iaf"-i ^ ^^gnj ^ (^^0203/3- 

By (9.8.17) we have biCog"jjp„_i = 0, then by Lemma 9.8.14, there is 



86 



g = pxi +ff X2 € 7rp"(p+i)g-BP with xi,X2 € n^BP such that biCQ{g" —g) 
= 0. Consequently, 60(5'" — g) = ai/4 for some € T^p"(j)+i)q+iE2 and 
/4 = 0203/5 with /s G 7rpn(p_,_]^)q_|_3£^4 which is obtained by the sparseness of 
TT^BPAEs. So, (9.8.17) becomes 

(9.8.18) (Ig^ A j)/iq;^"~^ = cq^j + 010203/5^ + 010253/3. 

Note that g = pxi+vf~^X2, then , gjj'pn^i = G BP*{Kpn_i) ^ s-^p"-^)?-^ 
BP*/{p,vf~'^) so that ^/ = 5a?'"-i for some 5 G [i;?'""^'«+9-iM, SP]. Con- 
sequently, by (9.8.4), the equation (9.8.18) becomes 

(9.8.19) (Ig^ A i)/u>pM = (Ig.^ A j)fiaP"-'j'pn 
= cogaP"-^j'^n + aia2a^{hj + /3)ipn 

= co^iiPp",! + aid2as{f5j + /3)/pn 
Moreover, by (9.8.4)(9.8.6) we have aia2a'i{f^j + f^)j'pu_i = aia2a3(/5j + 
/3)jp"^p"-i,p" = and so (/s/ + h)j'pr._i = , this is because [Sp""^^«+«+'' 
ifpn_i, 5P A ^2+r-] = for r = -1, 0, 1( cf. Prop. 9.8.9). This shows that 
{hi + h) = ha^"'^ with /e G [Sp"+'9+«+2m, ^4]. Hence, the equation 

(9.8.19) becomes 

(9.8.20) A j)flj'lPpn^l = Co5jVpn,l + 010202/60;^""-^ Jpn 

= cogj'ippn^i + 0,10,20,3 fafippn^i 
and by (9.8.6) we have 

(9.8.21) (1~^ A j)/ij1 = cogj[ + aia2a3fefi + eipn_ij'i 

for some e G [T,P"'^^'^~^'^^^Kpn_i, Ei]. By composing oq to (9.8.21) we have 
jffi = 00010203/6/^ + aoei'pn_J[ = aoaia2a3/6/[ + jjpn_ieipn_ij[ , this 
is because ooe = jjln^il for some e G [5]P"(?'+i)9irpn_i,itCpn_i] (cf. Prop. 
9.8.2). Consequently we have 

(9.8.22) jfi = 00010,20,3 Jqi + jjpn_{ei'pn_ii + /7m 
with /7 G [Sp"+'9-2m,5]. 

We claim that the map f-jai in (9.8.22) has filtration > 3 so that 
by (9.8.22) we obtain that jjpn_i€ipn_ii G 7rpn+ig_^_q_2S is represented by 
hohn+i G Ext^^ '^'^'^{Zp, Zp) in the Adams spectral sequence. This claim 
will be proved in the last. 

Then , j jpn _iiipn _ii is represented by \o/3pn /pn_i+S^>i Ar/?^^pn-2r ypn-2r_i 
G Ext^^p^gp{BP^,BP^) in the Adams-Novikov spectral sequence so that 
by Prop. 9.8.12 we know that ei'p„_ii G i^pn{j,-\-i)qKpn_i is represented by 

+ S^>iA^i;f ~^""""ci(trP'^-2'-) G Ext^/p^^'^^^^BP^, BP^Kpn^i), where 
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G Zp and tr = + l)/(p + 1). 

By [22] Theorem C,D, it is known that V2' € Ext^^*p^^p{BP^:, BP^:Kr) , 
fort > 1,1 < r < p — 1, is a permanent cyce in the Adams-Novikov spectral 
sequence. Suppose inductively that V2' G Ext^^*p^gp{BP^, BP^Kj.) (for t > 
l,l<r<p* — 1 and s < n — 1) is a permanent cycle in the Adams-Novikov 
spectral sequence, then we know that v{ ~^ ci{trP'^~^'^) G Ext^^p^^'^^'^ 
{BP^:, BP^Kpn^i) also is a permanent cycle for all r > 1. Moreover, by the 
representation of the above eipn_ii we obtain that G Exf^^p^j^^^^'^ {BP^,, 
BP^Kpn_i) is a permanent cycle. Hence, by (9.8.6), there exists k G 
n_i] such that the induced i?P*-homomorphism fe* = 
V2 ■ In addition, the map Pp^-i-r : Kpn^i K.f in (9.8.4) for all r < 

— 1 is a projection, then ppn_i rk*ipn_ii G T^tp"-{p+i)qKr is represented by 
v*2 G Ext^Q*p^Qp{BP^,BP^Kr) in the Adams-Novikov spectral sequence. 
This completes the induction and jjrPp^-i,rk*'i'pn-ii G 7r*S' is just the /J^^n jj.- 
element of the Theorem. 

Now our remaining work is to prove the above claim. We turn to 
an argument in the ASS and let A be the mod p Steenrod algebra. By 
Ext]f '^~^{Zp, H*M) = Zp{j* (hn+i)} and the result on /3pn/pn G Extp^^pp 
{BP^, BPt,) support a nontrivial differential in the Adams-Novikov spectral 
sequence in [12] p. 106 Thoerem 5.4.8(i), we know that 
(9.8.23) j*{hn+i) G Ext]lP"^''^~\Zp, H*M) dies in the ASS 
Then, the map /r G [^^'""^'^-^M, S] in (9.8.22) has filtration > 2 in the 
ASS and so f^ai has filtration > 3. Moreover, by (9.8.21) we know that 
jjpn_{ei'pn_ii and jfi G 7rpn+iq_|_q_2<S' must have the same filtration so that 
it is repesented by h^hn+i G Ext^/" ''^'^{Zp,Zp) in the ASS. This shows 
the above claim and the Theorem is proved. Q.E.D. 

Remark 9.8.24 We give a detail proof of the result in (9.8.23) as 
follows. It will be done by some argument processing in the Adams resolution 
(9.2.9). Suppose in contrast that the map j *hn+ieExt]f '^-\Zp,H*M) 
is a permanent cycle in the ASS, then we have cihn+i ■ j = , where /in+i £ 
TTpu+iqKGi = Extlf '^{Zp,Zp). Consequently ci/i„+i = / • p for some 
/ G ^^pr^+lqE2. On the other hand, 62/ G -Kp^+i^KG^ = Ext^/"^^''{Zp, Zp) ^ 
Zp{bn} so that we have 62/ = A • 6„ with A G Zp. However, the scalar A 
must be zero, this is because 6„ support a nontrivial differential d2p-i{bn) = 
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d2p-l^iPpn/pn) = ^d2p-liPpn /pn) = ^> («! 1 /^n- 1 ) = /iO^i^-l / (cf. [12] 

p. 206 Theorem 5.4.8(i) ). Hence / = 02/1 for some /i G 7rpn+iq_|_i£^3 and 
we have cihn+i = 02/1 • P = 0203/2 with /2 € 7rpn+ig_)_2-E4. This means that 
the secondary differential ^2(^71+1) = which contradicts with the following 
known nontrivial differential ^2(^71+1) = ^o^n 7^ S Ext^^f '^^^{Zp, Zp) ( 
cf. [12] p. 11 Theorem 1.2.14). So we have ciK+i • i 7^ and so (9.8.23) 
holds. 

Now we proceed to prove Theorem 9.8.1 in case t >2. We first prove 
the following Lemmas and Propositions. 

Lemma 9.8.25 Let p > 3 and vix G Ext^^f^^p^^'^{BP^,BP^Kpn), 
then vix = Yl^^lfxy^ '^^'^'^ ci{arP^-'^'') , where G Zp,ar = (tp^'-H-i + 
tp^'^ — p^^ + l)/(p + 1) and C\{ap^) is the generator in Theorem 8.1.7 in 
chapter 6 which has degree ap^{p + l)q- 

Proof : By Theorem 8.1.7 in chapter 8, vix is a linear combination of 
the following generators ViCi{ap^), where a > 1 is not divisible by p, 1 < 6 < 
p", b > maxlOjp"^ — qi{ap^} and qi{ap^) = p^ if a = 1, qi{ap^) = p^+p'^~^ — 1 
if a > 2. 

By degree reasons we have bq + ap'^{p + l)q = tp'^{p + 1)^, then s < 
n,b>p'^ — (p* +p^~^ — 1) > and so 6 > — p"~^ if s < n — 2. If s = n — 1, 
then b is divisible by p'^^^{p + 1) so that 6 > p" + p""^. So, in any case we 
have b > p'^'~^{p— 1) and the remaining steps is similar to that given in the 
proof of Prop. 9.8.12. Q.E.D. 

Proposition 9.8.26 Let r > s and pr,s Kj. ^ Kg be the map in 
(9.8.4), then d{pr,s) = i^fr with ^ G [S''<?+iM,M] n kerd. 

Proof : By (9.8.6) (9.8.3) we have j'sd{pr,s) = d(i>r,s) = dia'-'j'^) = 
, then d{pr^s) = i'sl for some I G M] and I = U'r with C G [S^^+^M, M] 

, this is because ^i'. G [SAf, M] = 0. By Theorem 6.4.14 in chapter 6, we 
may assume £, = + £,2^ with ^1,^2 £ kerd fl [S*M, M]. Then d{pr^s) = 
^sCiJr+*s?2Wr by applying the derivation d using (9.8.3) we have i'sC2jr 
= 0. Consequently we have ^^^2 = ^3Ct^ = 0, this is because ^3 G [S^M, Kg] 
= 0. Then d{pr,s) = i'siij'r with ^1 G fcerd n [S'^^+^M, M]. Q.E.D. 

Proof of Thoerem 9.8.1 in case t >2: By Theorem 9.8.1 in case 
t > 1, there exists /' G [TP"^+^^iKa, Ka] such that the induced BP^- 
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homomorphism fl = , where we briefly write — 1 as a. By Theo- 
rem 6.5.22 in chapter 6, we may assume / G Mod* , this is because the 
components of /' in Der* and Mod^Jo induce zero SP*-homomorphism. 

Write 5' = i'J^ G [S-^^-^K^, K^]. By Theorem 6.5.23 in chapter 6, 
S'f — f'S' G Mod* and this group is a commutative subring of [J2*Ks,Ks]. 
Then we have f{S'f' - f'S') = {S'f - f5'f)f or equivalently, {ff5' - 
5'{f'f = 2{{f'f5' - f'6'f'). By induction we have {fyS' - 6'{f'y = 
siifyS' - {fy-H'f) , s > 1. That is 

(9.8.27) s-{f'y-H'f' = 5'{fy + {s-l){f'y5\ s>l 

Let /9a,i : Ka Ki be the projection in (9.8.4), then by Theorem in 
chapter 6, paM'Y^'J ^ can be extended to ks € Mod* C [T.'p"(p+^^''Ki, 
Ki] such that Pa,i(/0*^a^ = ksi'li and (ks)* = V2' ■ Since j'lkgi'ii = 
a''~^fa{f')%i and {i[j[ks - ksi[j[) G Mod*, then {i'J[ks - ksi'ij[)i[i = 
and so i'lj'ikg = kgi'ij'i- By applying the derivation d to the equation 
Pa,i{f'yi'a^ = kgi'iS (where we write 5 = ij) we have 

(9.8.28) PaAf'y^'a = ksA - d{pa,l){f'yi'aS = ksA ' i'l^faiffi'^ 

= ksi[-i[j'M'yU^, s>i, 

where ^ G [S''''+1M,M] n kerd{ cf. Prop. 9.8.26). Let t > 2 is not divisible 
by p, then by (9.8.27) (9.8.28) we have i'Ja{f')X = Pa,ii'aUf')% = t ■ 
Pa,i{fTXj'afi'a = * " k'-H[j'J'i', - t ■ AUfTXiKfia and 

(9.8.29) i'Ja<l^ = t-k'-H'JJ'i',, 

where we write (f) = {ffi'a + t ■ {f'y'^i'a^Sj'J'i'^. 

Let X be the cofibre oii'JJ'i'^ : W"^'i+i-^M Ki given by the cofi- 
bration in the upper row of the following homnotopy commutative diagram 
(m = (i - l)p"(p + l)q + (p" - l)q) 



(9.8.30) 



t-k 



t-i 



Note that the above middle rectangle is homotopy commutative by (9.8.29), 
then there exists (j) such that all the above rectangles commute up to homo- 
topy. 

By wi'J'J'i'^ = we have wi[j'J' = yj'^ with y G [SP"(f+i)9M, X] so 
that uyfg^ = and uy = X ■ a"' for some A G [M, M] = Zp{lM}, that is we 
have 
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(9.8.31) wi[j'J' = yj'^, uy = \ ■ a'' for some A G Zp. 

On the other hand, j'M'Yi^iA = j'aif')%a''-^ = a'^^UfY^'a = fiPa,i 
{f)% = fiksi'i, then j'J'i^i,a = j'lh + m[ with 77 € [E*M,M] and so 
yj'i = wi'd'afi^iA = mifih + wi'irjfi = wkii'ij[ + wi[r]j[ and we have 

(9.8.32) y = wkii[ + wi[rj + za with z G [S*M, X] , 

4>y = t- ipi,a+ikt-ikii'i + t ■ tpi^a+ikt-iiiV + 4>zoL 
which is obtained by (9.8.31). 

Wc claim that 

(9.8.33) <f)zai E T^tp"{j)+i)q+aq^a+i has BP filtration > 

This will be proved in the last. Then (/)yi = t ■ ^i,a+i^t-i^i^'i* (modulo 
higher filtration) is represented by t ■ v^v^^ G Ext^^*p^Qp{BP^, BP^Ka+i) in 
the Adams-Novikov spectral sequence. 

Hence , by (9.8.31) (9.8.30) (9.8.28) (9.8.27) we have ^yj'^ = 4>wi[j'J' = 

t ■ ^i,a+lkt-li[faf' = t ■ '<Pl,a+lPa,l{fY-Xfaf = i^l,a+lPa,l{i'afa{f'Y + (* " 
m'Yi'afa) = {t-l)i^l,a+lPa,l{f'Yiafa and SO ^ = (t- l)V'l,a+lPa,l(/')*^a + 

fa" with / G [S*P"(P+i)'?M,Xa+i]. 

By the claim (9.8.33), (j)yi is represented by t ■ vfv!^ in the Adams- 
Novikov spectral sequence, then fa"'i is represented by vfv2 and so fi G 
''^tp^(p+i)qKa+i is represented by vf +vix G Ext^^p^l^p^^''{BP^,BP^Ka+i), 
where vix = sj,'!/'^' A^i^i ~^ ci(a,.p"^^'') which is obtained by Lemma 
9.8.25. 

By [20], if i > 2 is not divisible by p and 1 < r < p, vf G Ext^^^^piBP*, 
BP^Kr) is a permanent cycle in the Adams-Novikov spectral sequence. Sup- 
pose inductively that V2 ^ Ext^^*p^^p{BP^, BP^Kj.) are permanent cycles 
for all f > 2 is not divisible by p, 1 < r < and s < n — 1. Then, it is 
easily seen that ~^ ci{arp"'~'^^) is realizable in Kq+i] 
so that the above by the induction hypothesis we know that vix also is 
a permanent cycle. . So, V2' G Ext^pp pp{BP^,BP^Ka^i) is a per- 
manent cycle in the Adams-Novikov spectral sequence and there exists 
h G T^tp^{j,+i)qKa+i such that the induced BP^-homomorphism = ■ 
Hence, for 1 < r < a 1 = p", jj'j.pa+i,rh G T^tp''(p+i)q-rq-2S is just the 
Pfpn /5-element of the Theorem. 

Now our remaining work is to prove the claim (9.8.33). Recall as known 
above that j'af'i'J' £ 7r*M is represented by /3pn/pn_i G Ext^^p^Qp{BP^, 
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BP^M) in the Adams-Novikov spectral sequence and /3p„^p„_^ = viP'^n /pn, 
then («i)*(/3pn/pn_i) = G Ext^^*p^Qp{BP^, BP^Ki) and so i'lj'af'i'j £ 7r*iCi 
has SP-filtration > g + 1. Then, in the Adams-Novikov resolution of the 
spectrum Ki , i'lJafiai can be hfted to k G 7r*£^q+i A Ki such that (oq A 
li^i) • • • (Sq A )/« = i'lfafiai- Since is an M-module spectrum , then 
K = k' ■ i with k' G [S*M, ^q+i A Ki]. Consequently we have i'lfafia = 
(ao A J • • • (oq A l/fj/t' + fjj with a G [Ep"+'9+«5, iiTi]. Note that {bo A 

G TTpn+ig+gBP a Ki ^ Hom^j!lp'^p{BP^,BP4BP A Ki)) is a di- 
cyclc in the Adams-Novikov resolution of Ki and it represents an element in 
Ext%^^l,'^\BP^,BP^Ki). However, this group is zero by degree reason , 
this is because Ext^p*p^^p{BP^, BP^:Ki) = Zp[v2])- Then we have (boAlKi)o' 
= so that a can be lifted to a' G 7r*-Eg_|_i A Ki such that (oq A Iki ) • • • (a^ A 
lifjcr' = cr. So we have i'ljaf'i'a = (ao A l^i) • • ■ (a^ A l;<rJ(K' + cr'j). By this 
we know that the following short exact sequence induced by the cofibration 
in the top row of (9.8.30) is a split exact sequence of SP*SP-comodule: 

^ BP^Ki ^ BP^X ^ BP^M 
where | w^, |= — + X)q 

Moreover, this splitness also hold in the following Ext^^p^^p-st&ge : 

^ Ext^Ki Ext^X ^ Ext^M 
That is to say, there is an invariant i?P^,-homomorphism u' : Ext^X — 
Ext^Ki and w' : Ext^M Ext^X such that 

^Ext°M ^■iid u^u' + w'w^ = '^Ext°x-i where we briefly write Ext^^*p^^p{BP^, 
BP^X) as Ext^X. 

To prove the claim (9.8.33), suppose in contrast that 4>zai G Tr^Ka+i has 
5P-filtration 0, then, by (9.8.32), it is represented by Xvfvf" G Ext^Ka+i 
in the Adams-Novikov spectral sequence, where A 7^ G Zp. Then zi G 
'^tp"{p+i)q+{a-i)qX must have BP filtration and it is represented by some 
X G Ext^'*X and {(i))*{vix) = A • vfv2' ■ However, 

X = Ui,u'{x) + w'w^ix) = w'w^{x) 
, this is because by degree reason we have u'{x) G 
= 0, Then 

X = \'w'{v\), for some A' G Zp,rq = tp^{p+l)q+ {a — l)q—p^'^^q — q 
since w^{x) G Ext^'^'M ^ Zp{vl}, Then 
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Moreover, sinee ■w'(v\'^^) is belong to Ext^'*X the summand whieh is iso- 
morphic to Exf'*M and Ext°'*M is a trivial Zp[f2]-module, then we have 

This is a contradiction and then shows the claim(9.8.33). Q.E.D. 

After finishing the proof of Thoerem 9.8.1 on second periodicity ele- 
ments in the stable homotopy groups of spheres, we state the following The- 
orem on further result on second periodicity families in the stable homotopy 
groups of spheres without proof. The proof is done in base on the result of 
Theorem 9.8.1 and using some properties of the spectrum M(jf , v"^ ) which 
is the geometric realization of BP^/ip^ ,v'^ ). The details of the proof can 
be seen in [23] §3. 

Theorem 9.8.34 Let p > 5. j = cp' < p""^ - 1 if t > 1 (cp* < p""' 
if t > 2), then the element 

Ptp"/j,i+i ^ Ext^p^Qp{BP^, BP^) 
is a permanent cycle in the Adams-Novikov spectral sequence and it con- 
verges to the corresponding homotopy element of order p*+^ in tt^S. 
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